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Quantum computation, in which boolean data can exist and be manipulated in coherent quantum
superpositions, is an exciting prospect for further extending the power of physical systems to per-
form computation. This power will only be realized if quantum decoherence can be brought under
control. Some strategies for recohering quantum systems are introduced, both using quantum error
correction and symmetisation. Prospects for the ultimate achievement of quantum computation in
the laboratory are discussed.

INTRODUCTION

Every 18 months microprocessors double their speed and, it seems, the only way to make them faster is to make
them smaller. Today’s advanced lithographic techniques can etch logic gates and wires less than a micron across
onto the surfaces of silicon chips. Soon they will yield even smaller components, until we reach the point where logic
gates are so small that they consist of only a few atoms each. If computers are to continue to become faster (and
therefore smaller), new, gquantum technology must replace or supplement what we have now, but it turns out that
such technology can offer much more than smaller and faster microprocessors. It can support entirely new modes of
computation, with new quantum algorithms that do not have classical analogues.

Quantum computers can accept input states which represent a coherent superposition of many different possible
inputs and subsequently evolve them into a corresponding superposition of outputs. Computation, i.e. a sequence
of unitary transformations, affects simultaneously each element of the superposition permitting massively parallel
data processing within one piece of quantum hardware. Quantum interference among these parallel computations
permits quantum computers to solve efficiently some problems that are believed to be intractable on any classical
computer. The most striking example is the factoring problem: to factor a number N of L digits on any classical
computer apparently requires an execution time that grows exponentially with L. In contrast, Shor[1] has shown that
quantum computers require an execution time that grows only as a polynomial function of L (=~ L?). A noteworthy
consequence for cryptology is the possibility of breaking public key cryptosystems such as RSA[2]. In this context a
practical implementation of quantum computation is a most important issue.

In principle we know how to build a quantum computer; we start with simple quantum logic gates and connect
them up into quantum networks[3, 4]. A quantum logic gate, like a classical gate, is a very simple computing device
that performs one elementary quantum operation, usually on two qubits, in a specified time interval. Of course,
quantum logic gates differ from their classical counterparts in that they can create quantum superpositions and
perform operations on them. However, as the number of quantum gates in a network increases, we quickly run into
some serious practical problems. The more interacting qubits are involved, the harder it tends to be to engineer the
interaction that would result in the desired quantum interference taking place. Apart from the technical difficulties
of working at single-atom and single-photon scales, one of the most important problems is that of preventing the
surrounding environment from being affected by the interactions that generate quantum superpositions. The more
components there are, the more likely it is that quantum information will spread outside the quantum computer and
be lost into the environment, spoiling the computation. This is the unwelcome phenomenon of decoherence. Thus our
task is to engineer sub-microscopic systems in which qubits affect each other but not the environment.

In this paper we briefly outline some techniques that have been developed by the quantum-computation community.
After setting up the basic formalism of decoherence, we indicate how recoherence can be brought about by the use of
a certain kind of quantum coding. We will indicate that this coding does not work well in all situations, as when an
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unknown quantum state evolution is to be protected. But we indicate another kind of quantum coding, based on the
use of completely symmetric subspaces, which will produce a recoherence in this scenario.

DECOHERENCE

Decoherence is the simplest interesting case of the qubit—environment evolution in which the environment effectively
acts as a measuring apparatus:
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This kind of evolution is generated by the Hamiltonian of the form o, ® H, where H acts only on the states of the
environment. It entangles a qubit in a pure state «|0) + §]1) with the environment,
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In terms of the qubit density operator,
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where ( Ro(t)| R1(t)) will be assumed to be real and written as r(t). The exact form of r(t) depends on the details of
the qubit-environment interaction. For short times r(t) is parabolic in ¢, which can be seen by writing
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By short we mean short compared to the inverse of the frequency bandwidth of the environment (1/((H?) — (H)?),
or simply 1/(H?) as we can assume that (R|H|R) = 0) which is usually of the order of the typical resonant frequency
of the qubit (e.g 107 1%sec. for optical systems). Let us mention in passing that from a purely mathematical point
of view we have assumed here that the expression ((H?) — (H)?), i.e. the variance of the energy in the initial state
| R), is finite. Needless to say, in reality it is always finite but there are mathematical models in which, due to various
approximations, this may not be the case (e.g. the Lorentzian distribution which has no finite moments). For longer
times r(t) is usually approximated by an exponential in ¢.

DECOHERENCE AND RECOHERENCE

Scenario 1

Let us start with decoherence. Suppose we are given an unknown quantum state of the form
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and expose it to decoherence for some period of time t. The qubit state after decoherence is
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The fidelity with respect to the initial state is: Trp(0)p(t) = (1 + r(t)).



Scenario 2

We encode p(0) into three qubits, expose the three qubits to decoherence for the same period of time ¢ and then
decode the state to obtain p’(t). Encoding means that we map the state Eq. (8) by a unitary transformation (using
quantum computing gates) into a three-qubit state for which |0) is replaced by |000) + |011) + |101) + |110) and |1)
is replaced by |001) + |010) + |100) + |111). Decoding simply means an inverse mapping. The decoherence still acts
independently on each of the three qubits; it is this locality that permits the coded state to be more immune to
decoherence. Details have been given in [5]; the fidelity of this error-corrected state is much better:
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So, r'(t) decreases from 1 initially much slower than r(t) itself.

Scenario 3

Apart from decoherence our qubits undergo an unknown unitary evolution U (¢). For simplicity we take this evolution
to be |0) —]0) ,|1) — €’ |1). In the absence of decoherence our initial state
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which can also be written as the density operator
1
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If decoherence is taken into account the final state after time ¢ is
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Now suppose we want to recover o(t) rather than p(0) (typical case e.g. frequency standards). We want to maximise
1

Tro(t)o(t) = 5(1 +7(t)). (16)

But if we repeat the three qubit encoding i.e. we encode state p(0), let it evolve and decohere for time ¢ and then we

decode and correct it to obtain &'(t), then
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r’(t) is far from one for most parameter values (it is not even real), indicating that this encoding technique does not
help. But there are other ways of achieving recoherence in this case, and we show that recoherence can in fact be
performed via symmetrisation.



Scenario 4

This is the same as Scenario 3, but instead of the three qubit encoding we use symmetrisation. Suppose we start
with two qubits initially in state p(0) ® p(0) which evolve and decohere into & (t) ® &(t). We project this state into its
symmetric component (triplet, symmetric subspace spanned by |00), |11), |01) + |10)). The projection entangles the
two qubits.
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where S = %(1 + P»1) and P»; is the permutation operator (simple transposition in this case). After symmetrising
and taking partial traces we obtain

i . - _ () +e)
&"(t)=Tra [S(5(t) @ 5(1))ST] = TR0 1 5(0) (20)
which can also be written as
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with 7”/(t) = Si:(;()t). This gives the fidelity
Tro ()5 (t) = % (1 + ?ﬁ(é)@) > Tro(t)5(t) = %(1 +r(t)). (22)

The snag is that the probability of successful projection on the symmetric subspace is . Projection on the
antisymmetric part (singlet) generates the maximally mixed state of each qubit. Taking this into account the average
fidelity is exactly equal to Tro(t)&(t). It has been shown, however, that if the projections are done frequently enough,
then the cumulative probability that they all succeed can be made as close as desired to unity. This is a consequence of
the “quantum watch-dog effect” or the “quantum Zeno effect”. Details can be found in [6]. This technique, originally
proposed by David Deutsch in his talk at the Rank Prize Funds Mini-Symposium on Quantum Communication and
Cryptography, Broadway, England in 1993, has been subsequently applied to improve the accuracy of atomic clocks
(building upon ideas presented in [7]).
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CONCLUDING REMARKS

This brief contribution has only scratched the surface of the many activities that are presently being pursued under
the heading of quantum computation; but for the most part, we would not be contemplating them were it not for the
methods that have been introduced for recohering quantum states. Theoretically, the situation for coherent quantum
computation is very good, provided that the decoherence satisfies some assumptions. These assumptions include 1)
that decoherence occurs independently on each of the qubits of the system; 2) that the performance of gate operations
on some qubits do not cause decoherence in other qubits of the system; 3) that reliable quantum measurements can
be made so that error detection can take place; 4) and that systematic errors in the unitary operations associated
with quantum gates be made very small (see below for a number).

If all these assumptions are satisfied, then we have a very strong result, one which says that fault-tolerant quantum
computation is possible[8, 9]. That is, efficient, reliable quantum-coherent quantum computation of arbitrarily long
duration is possible, even with faulty and decohering components. Thus, errors can be corrected faster than they
occur, even if the error correction machinery is faulty. There is a threshold associated with this result, fault tolerance
is possible if the ratio of the quantum-gate operation time to the decoherence time is smaller than some value (now
estimated at around 107%), and if the size of the systematic error in the gates’ unitary transformation is also no
greater than 10~8 (possibly a pessimistic estimate[9]).

As various experimental workers who attended this meeting have been aware, these requirements for the physical
implementation are very stringent (see [10, 11] for further discussion of this); nevertheless, there seems to be some
hope for their eventual achievement in various branches of experimental physics in which quantum coherence has been
of interest, including ion traps (see the paper of D. Wineland), cavity quantum electrodynamics (J. Kimble), and even
in some areas of solid state physics (Y. Nakamura and C. Cosmelli in superconducting devices, R. Webb in Coulomb
blockade structures). We will see what develops by the time of the ISQM 01!



Appendix

The symmetric projections were calculated as follows. Let p be Y. p;|a;){a;| with (a;|a;) = §;;. Then p® p =
> pipjlai)(ai| ® |aj){a;| and if we apply S = £(1+ Py1) to both sides of p ® p we obtain:
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and after tracing over the second qubit we obtain
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