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1 In tro duction

The ability to control quantum systems is crucial for many exciting new applications
ranging from implementation of quantum computers to manipulation of chemical reac-
tions through control of atomic or molecular quantum states [1]. Recent advances in laser
technology have contributed to make control of quantum systems increasingly experimen-
tally feasible and progress continues.

Much theoretical work on control of quantum systems has been devoted to finding algo-
rithms to compute optimal controls [2,3]. While this work has been fruitful and important,
many important issues have been neglected. Among these are the effect of kinematical
constraints on the optimization of observables and the question of controllability of quan-
tum systems, which are addressed in this paper.

It will be shown that these apparently technical issues have practical significance as
well and can actually help overcome some of the major shortcomings of many control
algorithms.

2 Quan tum Con trol System

We consider a mixed-statequantum system, i.e., we start with an ensemble of independent
(pure) quantum states jΨn(0)i with probabilities wn , 0 � wn � 1 and

P
n wn = 1. Without

loss of generality we assume w1 � w2 � � � � � wn � � � � � 0: A mixed state is represented
by a density operator on the Hilbert space of pure states H ,

�̂ (t) =
X

n
wn jΨn(t)ihΨn(t)j: (1)

�̂ (t) satisfies the quantumLiouvil le equation

i h̄
@
@t

�̂ (t) = [Ĥ ; �̂ (t)]; (2)

where Ĥ is the Hamiltonian of the system. If the system is subject to external control then
the Hamiltonian depends on a finite number of control functions f m(t) (m = 1; : : : ; M ),
which are bounded measurable, real-valued functions defined on a time interval [t0; tF ]
and may be subject to other restrictions dependent on the problem considered. If the
interaction with the field is sufficiently weak, i.e., in the control-linear case, then the
Hamiltonian can be decomposed as follows

Ĥ (f ) = Ĥ0 +
MX

m=1

f m (t)Ĥm : (3)



Observables are represented by Hermitian operators Â on H , whose expectation value
(ensemble average) is given by

hÂ(t)i = Tr(Â�̂ (t)): (4)

The aim of optimal control is to find a control that steers the system in such a way as to
maximize the expectation value of an observable, e.g., population of a particular quantum
state or a subspace of quantum states, the energy of the system, etc., at a certain target
time tF .

3 Kinematical Constrain ts

A given initial state �̂ (t0) can only evolve into states �̂ (tF ) related to �̂ (t0) by

�̂ (tF ) = Û(tF ; t0)�̂ (t0)Ûy(tF ; t0); (5)

where Û(t; t0) is the time-evolution operator of the control system, which satisfies the
Schroedinger equation

i h̄
@
@t

Û(t; t0) = Ĥ (f )Û(t; t0): (6)

The dynamical law obeyed by Û(t; t0) depends on the control system, i.e., f (t) — which

is to be determined — but Û(tF ; t0) must be a unitary operator for any non-dissipative
control system. Hence, only target states �̂ (tF ) related to �̂ (t0) by (5), for some unitary

operator Û, are kinematically attainable.
This condition can be used to derive strict upper and lower bounds for the expecta-

tion value (ensemble average) of any observable for arbitrary N -dimensional, mixed-state
quantum systems [4]

Theorem 1 (Schirmer{Girardeau{Leah y{Ko ch) Let H be the Hilbert space of pure
quantum statesof the systemor a �xed N -dimensional subspace of interest. Let Â be a
Hermitian operator on H with eigenvaluedecomposition

Â =
mX

i =1

ai Î (ai ); (7)

where Î (ai ) is the projector onto the eigenspace E (ai ). Let � 1 � � 2 � � � � � � N be the
eigenvaluesai ordered in a non-increasing sequence and counted with multiplicity. Then
the expectation valueof Â is bounded by

NX

n=1

� N � n+1 wn � hA(t)i �
NX

n=1

� nwn : (8)

hA(t)i assumesits upper bound at t = tF if

spanj =1 ;:::;d(n) jΨr (n;j )(tF )i = E (an); (9)

for n = 1; : : : ; m and its lower bound at t = tF if

spanj =1 ;��� ;d(n) jΨr (n;j )(tF )i = E (aN � n+1 ); (10)

where d(n) = dim E (an) and r (n; j ) = d(1) + � � � + d(n � 1) + j .



4 Complete Con trollabilit y

The kinematical bounds derived in the previous section are universal and depend only on
the initial state of the system and the observable to be optimized, i.e., they are indepen-
dent of the specific dynamics of the system. The question therefore arises whether these
bounds are dynamically realizable. Clearly the answer depends on the observable and
the set of dynamically accessible target states. If the observable assumes its kinematical
bound for a dynamically accessible state then this bound is dynamically realizable. Thus,
in general the set of accessible target states depends on the dynamical Lie group generated
by Ĥ0; : : : ; ĤM .

However, if it can be shown that the dynamical Lie group is U(N ) then every unitary
operator can be dynamically generated. Hence, every kinematically admissible target state
is dynamically attainable and the kinematical bounds are therefore always dynamically
realizable. Such a quantum system is called completelycontrollable [5]. Our results show
that a large class of physically interesting systems, including the N -level Morse oscillator
and the standard N -level harmonic oscillator, are completely controllable for any N [6,7]:

Theorem 2 (Fu{Sc hirmer{Solomon) The dynamical Lie group for a quantumsystem
Ĥ = Ĥ0 + f (t)Ĥ1 with

Ĥ0 =
NX

n=1

En jnihnj; Ĥ1 =
N � 1X

n=1

dn(jnihn + 1j + jn + 1ihnj): (11)

is at least SU(N ) if dn 6= 0 for 1 � n � N � 1 and oneof the following conditions applies:

1. there exists � p � Ep+1 � Ep 6= 0 and � n � En+1 � En 6= � p for n 6= p and

(a) p 6= N=2 or

(b) p = N=2 but dp� k 6= � dp+ k for somek;

2. � n � En+1 � En = � for 1 � n � N � 1 but given

vn � 2d2
n � d2

n� 1 � d2
n+1 ; 1 � n � N � 1 (12)

with d0 = dN = 0, there existsvp 6= 0 suchthat vn 6= vp for n 6= p and either

(a) p 6= N=2 or

(b) p = N=2 but dp� k 6= � dp+ k for somek.

If in addition Tr(Ĥ0) 6= 0 then the dynamical Lie group is U(N ), i.e., the system is
completelycontrollable.

5 Examples

5.1 Morse oscillator

Consider a four-level Morse oscillator model for a diatomic molecule
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with transition dipole moments dn = 0:097
p

n Debye and vibrational energy levels

En = h̄! 0(n � 1
2) � 1

2h̄! 0B (n � 1
2)2 (13)

where ! 0 = 7:8 � 1014 s� 1 and B = 0:0419.
Given an initial ensemble jni = j1i ; � � � ; j4i with

wn = const. � e� En =kT ; kT = E4 � E1; (14)

i.e., a Boltzmann distribution, the kinematical upper bound for the energy is according
to Theorem 1

hĤ0(tF )i �
4X

i =1

wi EN � i+1 = 2:2592h̄! 0 (15)

and the maximum is dynamically attained if the population of level E1 is w4, that of level
E2 is w3, that of E3 is w2, and that of E4 is w1, i.e., if the initial populations are inverted.

Since the energy levels for the Morse oscillator are non-degenerate and not equally
spaced, the system is completely controllable (for any N ) according to Theorem 2 and
hence the kinematical bounds are dynamically realizable.

5.2 Harmonic oscillator

The harmonic oscillator system is similar to the Morse oscillator except that the energy
levels are

En = h̄! (n � 1
2): (16)

Although the energy levels are equally spaced in this case, the system still completely con-
trollable since the transition probabilities dn satisfy condition 2 of Theorem 2. Therefore,
the kinematical bounds for every observable are dynamically attainable as well.

5.3 Computer Simulations

Numerical control calculations show that it is indeed possible – in both the Morse and
the harmonic oscillator cases – to drive the system in such a way as to closely approach
the kinematical upper bound for the energy. The results of a control calculation for the
Morse oscillator model above are shown in Fig. 1. The results for a harmonic oscillator
model are shown in Fig. 2.

6 Conclusion

Most algorithms to compute optimal controls are based on conditions that are necessary
but not sufficient for optimality of a control. The algorithm may easily converge to a
control that does not maximize the expectation value of the observable and hence fails to
solve the optimal control problem.

The derivation of kinematical bounds on the optimization of observables is an important
contribution since knowledge of the kinematical bounds makes it possible to test the ef-
fectiveness of a numerically obtained control by computing the ratio between the attained
expectation value at the target time and the kinematical maximum for the observable. A
ratio close to one indicates that the control is a good solution to the optimization problem.
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Figure 1: Optimal control and evolution of the observable for a 4-level Morse oscillator
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Figure 2: Optimal control and evolution of the observable for a 4-level harmonic oscillator



Failure to achieve a ratio close to one, however, could be either due to the fact that
the algorithm failed to converge to an optimal control, or because the kinematical bound
is not dynamically realizable. Therefore, Theorem 2 is another significant result since it
establishes controllability, and hence dynamical realizability of the kinematical bounds,
for a large class of quantum systems of physical interest.

Future research on systems that are not completely controllable is required. In this case,
the question of dynamical realizability of the kinematical bounds for a given observable
depends on the set of accessible target states, which in turn depends on the initial state
of the system and the dynamical Lie group generated by Ĥ0; � � � ; ĤM .
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