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Abstract

In previouswork we derived kinematical bounds on the
optimization of obsenables for mixed-state quantum
systemsand showed that they are dynamically realiz-
able if the systemis completely controllable. In this
paper the problem of nding dynamically realizable
boundsfor systemsthat are not completely controllable
is addressed.We derive such bounds for systemswhose
dynamics can be decomposedinto subspacedynamics.
We also study systemsthat are not decomposableyet
fail to be completely controllable. For these systems,
the question of dynamical realizability of the kinemat-
ical bounds depends on the accessibiliy of the target
states for which the expectation value of the obsenable
assumests kinematical maximum.

1 Intro duction

In [1] we derived upper and lower kinematical bounds
for the expectation value (ensenble average) of ar-
bitrary obsenables for mixed-state quantum systems.
The question arises whether it is actually possibleto
steer the system in such a way that the obsenable
assumesits kinematical upper or lower bound. This
question of dynamical realizability of the kinematical
bounds is of theoretical as well as practical interest. If
the kinematical boundsare dynamically realizable then
the values of the global extrema of the ensenble av-
erage of a given obsenable are known. Independert
knowledge of the global extrema of the obsenable al-
lows oneto determine how closeto the global maximum
a givencontrol steersthe system,and thusto assesshe
e ectiv enessof the control in realizing the cortrol ob-
jective. This can be a crucial step when one attempts
to solve the global optimization problem of steeringthe
systemfrom its initial state to a target state for which
the obsenable assumests global maximum since most
algorithms designedto nd optimal controls [4, 5] are
basedon a set of di erential equationsthat constitute
necessarybut not su cien t conditions for optimality.

The cortrol algorithms may thus produce cortrols that
steer the systemto a local maximum or even a mini-
mum, for instance.

2 Mathematical Setup

We considera quantum-mechanical systemwhosestate
spaceH is a separableHilb ert space. Any mixed state
of the system can be represenied by a density operator
(t) on H with eigervalue decomposition

X
M= wi k()ih k(D)) 1)
k

where wy are the eigenvalues and j (t)i the corre-
sponding normalized eigenstatesof /(t), which ewlve
in time according to the time-dependent Scredinger
equation. The eigernvalues satisfy
X

wg = 1 (2)
k

0 wg 1 8k;

Unlessotherwisespeci ed, we shall usethe word \state"
in the following to refer to a mixed quantum state rep-
reserted by a density operator

If the systemis Hamiltonian, 7(t) ewolvesaccordingto

At) = O(t to) 0 (t; to); 3)
where O (t; to) is the time-evolution operator of the sys-
tem satisfying the Scredinger equation

ihgo (t; to) = A O(t; to) 4)

with O(to;to) = 1. B is the total Hamiltonian of the
system. “\(t) also satis es the quantum Liouville equa-
tion

ihg"(t) = A NO); (5)

with initial condition "(tg) = "o.
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Obsenablesare represerted by Hermitian operators A
on H and we de ne their expectation value to be the
ensembleaverage

PRt = Tr AN1) (6)

3 Univ ersal Kinematical Bounds on the
Optimization of Observ ables

In [1] we proved the following results.

Theorem 1 Let A be a Hermitian operator on H with
eigenvaluedecomposition

xn
A= al(a); )

i=1

and let 2 n be the eigenvalues
a;, ocounted with multiplicity and ordered in a non-
increasing sequen®. Then we have

X X
N okeWk o Tr ANt) kWk;  (8)
k=1 k=1

provided that the weightswy are also ordered in a non-
increasing sequene, i.e., Wy Wy ili W o il

Theorem 2 hA(tg)i assumesits upper bound if for
k=1, ;m

SPAN; =3 o ) ki) (tF)T = E(&); )

and its lower bound if for k=1; ;m

SPN=1 . a)l rk)(tF)I = E(an ke ); (10)

where d(k) = dimE(ak), i.e., the dimension of the
eigenspce belongingto the eigenvalueay and r(k;j) =
d1)+ +dk 1)+

Thus, to attain the kinematical maximum for an ob-
senable whoseeigervalues are distinct with multiplic-
ity one, we needto nd a unitary transformation that
simultaneously maps the initial pure state with the
largest probability w; onto the eigenspacecorrespond-
ing to the largest eigervalue of A, the initial state with
the secondlargest probability w, onto the eigenspace
corresponding to the secondargesteigervalue of A, and
soforth. If A is a projector onto a subspaceof dimen-
sion d, then realization of the kinematical upper bound
requires nding aunitary transformation that mapsthe
dinitial stateswith the d largest probabilities onto the
eigenspacecorresponding to the eigervalue one of A.

Realizabilit y of the Univ ersal
Kinematical Bounds

4 Dynamical

To formulate the question of dynamical realizability
precisely let us de ne this expressionas follows.

Denition 1 A kinematical bound for an observable
is dynamically realizable if there exists an admissible
control-trajectory pair that steers the systemfrom the

initial state "(to) to a nal state ~(tg), for which the

expectation value of the target observableassumesits

kinematical maximum or minimum.

For a Hamiltonian quantum system,the only admissible
tra jectories are given by equation (3), where %y is the
initial state of the systemand O (t; to) is the propagator
satisfying (4). Since ¥ is Hermitian, the propagator
must be unitary.

The set of admissible controls depends on the con-
straints of the system considered. However, in general
we can assumethat an admissible cortrol should be at
least a bounded measurablefunction.

Equation (3) shawsthat the problem amourts to decid-
ing whether every unitary operator 0 can be dynam-
ically generated,i.e., O = O(te;to). SinceU(N) is a
group, it su ces to verify that every unitary operator
is accessiblefrom the identity. This motivates the fol-
lowing

De nition 2 A non-dissipative quantum system is
completely mixed-state cortrollable if everyunitary op-
erator in U(N) is aacessiblefrom the identity operator
(* via a path that satis es the dynamical law (4).

If the systemis completely controllable then every kine-
matically attainable target state canbereacheddynam-
ically from a given initial state. In this case,it is ob-
vious that the kinematical bounds are always dynam-
ically realizable, i.e., the kinematical upper and lower
bounds correspond to the global maximum and mini-
mum of hA(tr )i, respectively, which can be attained if
the systemis driven with an optimal control f(t).

For control-linear systems,complete controllabilit y can
easily be veri ed numerically using the condition estab-
lished by Ramakrishna et. al. [3].

Theorem 3 An N -level quantum control system with
Hamiltonian

b
|4:|40+

m=1

fm(t)lqm; (11)

where f, are independent bounded measurable control
functions, is completely controllable if and only if the
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Lie algeba Lo geneated by the skew—HermiBan matri-
cesfiBo;::1;ilm g hasdimension N2 (i = =~ 1).

The question ariseswhether the universal kinematical
bounds can dynamically realized for quantum systems
that are not completely cortrollable, or whether im-
proved bounds can be establishedin this case.

5 Dynamically Realizable Bounds for
Decomp osable Systems

One classof quantum systemsthat are obviously not
completely cortrollable consists of decomposable sys-
tems, i.e., systemswhosedynamics can be decomposed
into independert subspacedynamics. For suc systems
the universal kinematical bounds can be improved.

Let us rst considera cortrol-linear Hamiltonian sys-
tem with a single control

R () = Ao+ F(1)V; (12)

where Hq is the internal Hamiltonian of the unper-
turb ed systemand ¥ de nes the interaction with the
control eld f (t).

In this case,the systemis decomposableif there existsa
basisB for the Hilb ert spaceH such that Hy is diagonal

and
M| o
0

Let H; and H, be orthogonal subspaceof H such that
H=H; H,andeah > mapsH- to itself,

O = O]_ 02 : (13)

H=H; Hy, Y:H! H: =12 (14

It follows immediately that F (f (t)) is block-diagonal,

B, | 0

HE(t) = B H,=2 o T

(15)
and maps H- to itself (" = 1;2). Thus, the two sub-
spacesH; and H, do not interact. Let B- be the re-
striction of the basisB to the subspaceH-; P be the

projector onto the subspaceH- and N- denote the di-
mensionof H-.

Given an obsenable A on H, we de ne the restricted
obsenables A~ = B-A (" = 1;2). Note that A is a
Hermitian operator on the subspaceH-, i.e.,

A =PAP :H- ! H =12 (16)

Let {’ denotethe eigenvaluesof A+, counted with mul-
tiplicit y and ordered

00 an

If ™ (to) is the density operator for subsystem™, whose
matrix represenation with respect to the basis B: is
given by

" (to) = diag(w ;5 wy) (18)

and W(l‘) Wg) W,(\li then we can apply The-
orem 1 to obtain bounds for the expectation value of

wy) e O PR w() O (19)

n=1 n=1

Notice that the total probability for each subspaceis
lessor equal to one, and that the sum of the subspace
probabilities must equal one, i.e.,

X
p= w) L

n=1

pr+ p2= 1 (20)

If the probability for subspace’ is one then the initial
ensenble is restricted to this subspaceand since the
subspaceddo not interact, the ensenble will remain in
this subspaceforever, i.e., p- = 1 for all times. In this

case,hA(t)i = P& (t)i.

If both subspacesare initially occupied, i.e., both p;
and p, are non-zero, then the density operator for the
ertire spaceH is the direct sum of the subspacedensity
operators 1 (tp) and " (to), i.e.,

" (to) 0

Az(tO) = 0 Az(to)

Nto) = M (to) (21)

Since! maps ead subspaceto itself, we can conclude

A = A Ay = | 0
m=n0 w0 e @

for t > tg and thus

PRI = Tr ANt
_ Ay M(t) O
- A 0 "
A1mM(t)
T Ao (t)

Tr AiM) + Tr Aan(t)

Since ~(t) and A (* = 1;2) are operators on K-, we
can apply (19). Thus we have

Theorem 4 Consider a decomposablequantum system
with Hamiltonian ¥ = Ho+ f (t)¥ where H, is diagonal
and Y is of the form (13), whichis initial ly in a state ~,
asin (21). Then the expectation value of an arbitrary
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observableA is boundel by

1

R O R @
(t)l Wn N; n+1 + Wn N, n+1 (23)

n=1 n=1
X1 X2

A ()i w B wp @ (24)
n=1 n=1

where ) arethe eigenvaluesof the subsjace observable
A- (" = 1;2) counted with multiplicity and ordered in a

non-increasing sejuene.

The upper bound is attained at t = tg if for k- =
L sm (=12
SN 21 g k)l gy (tF)T = E(@)); (25)

and the lower bound is realized if for k- = 1, ;m-
(=12

SPN=1; d(k)l E()kﬁi)(tF)i - E(am k)i (26)

where d(k-) = dmE(a)) and r(k;j) = d(1) + +
dk 1)+,

This theorem provides improved bounds for decompos-
able systemsand it is easyto seehow it can be gen-
eralized to systems consisting of more than two non-
interacting subsystemsor cortrol-linear systems with
multiple cortrols. The improved bounds are dynami-
cally realizableif all the subsystemsare simultaneously
completely cortrollable.

6 Applications of Bounds for Decomp osable

Systems

As a particular example, we consider the problem of
energy maximization for a decoupledfour-level system
initially in thermal equilibrium, i.e.,

X4
Ny = Wy jnihnj
n=1
wg; O O O
8 0 w, 0 O é
B 0 0O ws O (27)
0 0 0 wu

with weights w; = 0:3850,w; = 0:2758,w; = 0:1976
and w, = 0:1416(Boltzmann distribution) whoseinter-
nal Hamiltonian is given by
X4
Ho=  Enjnihn;
n=1 3
0:494762 0 0 0
B g 0 1:45286 0O 0 é
- 0 0 2:36906 0
0 0 0 3:24336

(28)

The target obsenable is the energy of the system,
A =Ho: (29)

and the aim is to maximize the expectation value of
A at the target time tg = 200 fs, starting at to =
0, subject to the constraints that the ewolution of the
systemsatisfy the quantum Liouville equation and that
the pulse uence be assmall aspossible. We study two
casesof interactions.

CaseA:
x3
Bi=f(t) d(jnihn + 1j + jn + Lihnj)
2 "t 3
0 10 0 0
R 10 0 0 0 Z
= f(t)g o o o 1732055 (0
0O 0 173205 O
CaseB:
A1 = 140) (2ih4) + jAingj + j2in3 + j3in2))
P EEE
=fW45 16 0°; (31)
1 0 0O

where f (t) is the external corntrol eld, which is to be
determined. Both of these systemsare decomposable
and hencenot completely cortrollable.

In caseA, the expectation value of the obsenable is
bounded by

1:5186 hA(t)i 1:6722 (32)

accordingto Theorem4. Theseboundsare dynamically
attainable since ead of the subsystemsis completely
cortrollable. Hencethe relative yield is

(33)

In caseB, the expectation value of the obsenable is
bounded by

1:518570 MA(t)i  2:259226 (34)

accordingto Theorem 4. Notice that thesebounds are
exactly the same as the kinematical bounds for the
Morse oscillator model. Although the whole system
is not completely cortrollable, the bounds are also dy-
namically realizable sinceboth subsystemsare cortrol-
lable. Hence,the relative yield is

hA(te)i .

yield = 59226

(35)

Figs 1{3 show the results of a control computation for
caseA, Figs 4{6 shaw the results of a control computa-
tion for caseB. In both casesthe nal yield is closeto
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100%, showing that our cortrol algorithm did indeed
produce a control that steersthe systemto a target
state for which the expectation value of the internal
energy (target obsenable) is close to its kinematical
maximum. Furthermore, obsene the simultaneous in-
version of populations one/two and three/four in Fig.
2, as well as the simultaneous inversion of populations
one/four and two/three in Fig. 5, exactly as predicted
by Theorem 4.

7 Non-decomp osable Systems Failing to be
Completely Controllable

The question ariseswhether there are systemsthat are
not completely cortrollable but still coupledin a way
that the dynamicscannot easilybe decomposedinto in-
dependent subspacedynamics. Unfortunately, the an-
swer is yes. In such a caseit is usually not easyto
determine whether the kinematical bounds are dynam-
ically realizable. In general,all that can be said is that
dynamical realizability of the kinematical boundsfor a
particular obsenable depends on whether at least one
of the target states for which the kinematical bound is
attained is dynamically accessiblérom the initial state.
Clearly, this depends on the choice of the obsenable,
i.e., for someobsenablesthe kinematical bounds may
still be dynamically attainable while for othersthey are
not.

Example 1 We performed computations for a four-
level harmonic oscillator with

05 0 0 O
8 0 15 0 O Z
'40‘5 0 0 25 0 9 (36)

0O O 0 35

3

with the non-standad interaction term

0100
10102
0101
0010

1= (1) : (37)

This systemdiers from the standard harmonic oscil-
lator in that all the transitionpdipole moments d, are
egual to one instead of d, = = n. While the standard
harmonic oscillator is alwayscompletelycontrollable [6]
this systemis not completely controllable [7] although
it is clearly not decomposable.

Our preliminary computations maximizing (1) the en-
ergy of the system,i.e., A = By, and (2) the transition
dipole moment A = ¥, assuming

2

04 0 0 O
0 03 0 0 4.
0O 0 02 0 92
0O 0 O0 01

(38)

indicate that it still seemsto be possibleto control the
systemrather e ectively. The nal yield after 20 itera-
tions in the rst casewas97.75%. In the second case,
the nal vyield after 20 iterations was 95.69%. [The g-
ures have been omitted due to space constraints.]

This example shows that further investigation of sys-
tems that are not completely controllable is necessary

8 Conclusion

We have preserted universalkinematical boundson the
optimization of obsenables for non-dissipative quan-
tum systemsas well as general criteria for the dynam-
ical realizability of these bounds. In particular, we
showvedthat the kinematical boundsare always dynam-
ically realizableif the systemis completely cortrollable.

Improved bounds were derived for decomposable sys-
tems and it was demonstrated using seweral examples
how theseboundscanbe usedto assesshe e ectiv eness
of a numerically obtained \optimal" cortrol in realizing
the control objective.

In the last section we briey examined the problems
posedby systemsthat are neither completely cortrol-

lable nor decomposable. We preseried an example of
a system of this type, for which we were nevertheless
able to closelyapproximate the kinematical bounds dy-

namically for two di erent obsenables. The last exam-
ple shows that complete cortrollabilit y is not required
for dynamical realizability of kinematical bounds and
suggestsfurther study of \partially" cortrollable, non-
decompsablesystems.
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Figure 1: Energy maximization for a decoupled four-level
system (Case A) initially in thermal equilib-
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Figure 3: Energy maximization for a decoupled four-level
system (Case A) initially in thermal equilib-
rium: evolution of the obsenable
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