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Abstract

We consider the problem of identifying non-reachable
target states for N -level quantum systems that are not
completely controllable.

1 Introduction

The problem of controllability of quantum systems has
received considerable attention recently and general cri-
teria for various types of controllability for quantum
systems with both discrete and continuous spectra have
been derived [1, 2, 3, 4]. Many N -level quantum sys-
tems with a discrete spectrum have been shown to be
completely controllable [4] and therefore density ma-
trix and observable controllable [5, 6]. However, there
nevertheless exist quantum systems of physical interest
that are either only pure-state controllable or not con-
trollable at all [6]. In this short paper we consider the
problem of identifying non-reachable states for these
systems.

2 Model description

We restrict our attention here to N -level quantum sys-
tems whose state is represented by a density operator
ρ̂0 with a spectral representation

ρ̂0 =
N∑

n=1

wn|Ψn〉〈Ψn|, (1)

where {|Ψn〉 : 1 ≤ n ≤ N} forms a complete orthonor-
mal set in a Hilbert space H and the eigenvalues wn

satisfy 0 ≤ wn ≤ 1 and sum to one. If ρ̂0 has rank one,
i.e., there is only a single non-zero eigenvalue with mul-
tiplicity one, then it is said to represent a pure state,
otherwise it represents a mixed state of the system. The
time evolution of ρ̂0 is governed by

ρ̂(t) = Û(t)ρ̂0Û(t)†, (2)

where Û(t) is the unitary evolution operator of the sys-
tem, which satisfies the Schrodinger equation

ih̄
∂

∂t
Û(t) = ĤÛ(t) (3)
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with initial condition Û(0) = Î, where Î is the identity
operator. Ĥ in the equation above is the total Hamil-
tonian of the system. For a quantum system subject to
external control, Ĥ is typically of the form

Ĥ = Ĥ0 +
M∑

m=1

fm(t)Ĥm, (4)

where Ĥ0 is the internal Hamiltonian of the unper-
turbed system and Ĥm are interaction terms governing
the interaction of the system with an external field fm.
Note that the operators Ĥm, 0 ≤ m ≤ M , in (4) are
Hermitian and their skew-Hermitian counterparts iĤm

generate a Lie algebra L known as the dynamical Lie
algebra of the control system. The corresponding dy-
namical Lie group S of the system is given by all unitary
operators of the form exp(x̂), where x̂ is an element in
the dynamical Lie algebra L.

3 Non-reachable states

The kinematical constraint of unitary evolution parti-
tions the set of density matrices into equivalence classes.
Two quantum states ρ̂0 and ρ̂1 are kinematically equiv-
alent if there exists a unitary operator Û such that
ρ̂1 = Û ρ̂0Û

†. The dynamical Lie group S of a quantum
control system is said to act transitively on an equiva-
lence class E of density matrices if any two states ρ̂0, ρ̂1

in E are dynamically accessible from each other. It is
easy to see that SU(N) and U(N) act transitively on
every equivalence class of states. Moreover, since the
equivalence class of completely random ensembles con-
sists only of the state ρ̂ = 1

N ÎN , every group acts tran-
sitively on this equivalence class. By contrast, the only
dynamical Lie groups that act transitively on the equiv-
alence class of pure states besides U(N) and SU(N) are
Sp(`) and Sp(`) × U(1) if N = 2` [5].

3.1 Pure-state controllable systems
If N = 2` and the dynamical Lie group S ' Sp(`) [or
Sp(`)×U(1)] then the system is pure-state controllable.
However, the action of Sp(N

2 ) on the equivalence class
of pure states is not two-point transitive and it can be
shown that Sp(`) [or Sp(`)×U(1)] acts transitively only
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on equivalence classes of density matrices with eigenval-
ues w1 6= w2 = . . . = wN and the equivalence class of
completely random ensembles. Thus, there exist non-
reachable target states for almost any equivalence class
of mixed states.

Given a system with Hamiltonian (4) and dynamical Lie
group S ' Sp(`) there exists a Ĵ unitarily equivalent
to (

0 Î`

−Î` 0

)
,

such that x̂T
mĴ + Ĵ x̂m = 0 for 0 ≤ m ≤ M and x̂m =

iĤm − i
N Tr(Ĥm)ÎN . To decide if two kinematically

equivalent states ρ̂0, ρ̂1 are dynamically accessible from
each other via a Û ∈ S we note that any Û ∈ S must
satisfy ÛT Ĵ Û = Ĵ . Thus, two kinematically equivalent
states ρ̂0, ρ̂1 are dynamically accessible from each other
via a Û ∈ S if and only if there exists a unitary Û such
that ρ̂1 = Û ρ̂0Û

† and ρ̃1 = Û ρ̃0Û
† where ρ̃ = (Ĵ ρ̂Ĵ†)∗.

Example 1 If S = Sp(2) with Ĵ as above then ρ̂0 =
diag(a, b, b, a) and ρ̂1 = diag(a, b, a, b) are not dynam-
ically accessible from each other unless b = a since
ρ̃1 = (Ĵ ρ̂1Ĵ

†)∗ = ρ̂1 but ρ̃0 = (Ĵ ρ̂0Ĵ
†)∗ 6= ρ̂0 and there

cannot be a unitary operator such that ρ̂1 = Û ρ̂0Û
† =

Û ρ̃0Û
† if ρ̂0 6= ρ̃0.

3.2 Non-controllable systems
We shall explicitly consider the case of finding non-
reachable pure states for a quantum system with Hamil-
tonian (4) whose dynamical Lie algebra L is a represen-
tation of so(N) in terms of skew-Hermitian matrices.
Let B1 = {|n〉 : 1 ≤ n ≤ N} be the basis of energy
eigenstates satisfying Ĥ0|n〉 = En|n〉, in which the op-
erators iĤm are represented by skew-Hermitian matri-
ces. Let B be a unitary transformation that maps the
old basis B1 onto a new basis B2 = {|ñ〉 : 1 ≤ n ≤ N}
with |ñ〉 = B|n〉 such that H̃m = B(iĤm)B† are real
anti-symmetic matrices and the Lie algebra L̃ gener-
ated by H̃m is a representation of so(N) or in terms of
real anti-symmetric matrices.

Suppose we have a pure initial state ρ̃0, given by
diag(1, 0, 0, . . .) with respect to the basis B2, as well
as a unitary transformation Û that maps ρ̃0 onto a
state ρ̃1 whose matrix representation with respect to
the basis B2 has complex entries. Then ρ̃1 cannot be
reached by a map of the form exp(x), where x is an el-
ement of the Lie algebra L̃, since L̃ consists only of real
anti-symmetric matrices and hence exp(x) is real and
orthogonal. A real orthogonal transformation cannot
map a matrix with real entries onto a matrix with non-
real entries. Thus, noting that ρ̃0 = |1̃〉〈1̃| = Bρ̂0B

†

or equivalently ρ̂0 = B†|1̃〉〈1̃|B we can conclude that
ρ̂1 ≡ B†ρ̃1B cannot be reached from ρ̂0 by a transfor-
mation B† exp(x)B, i.e., a transformation in the expo-
nential image of the original Lie algebra L.
260
Example 2 Consider a three-level system with iĤ0 =
iµ(−ê11 + ê33) and iĤ1 = d(ŷ12 + ŷ23), where êmn is a
3 × 3 matrix whose mth row and nth column entry is
one and all other entries are zero, x̂mn = êmn − ênm

and ŷmn = i(êmn + ênm). The Lie algebra generated by
iĤ0 and iĤ1 is spanned by x̂ ≡ x̂12 + x̂23, ŷ ≡ ŷ12 + ŷ23

and ẑ ≡ i(−ê11 + ê33) and isomorphic to so(3).

B̂ = exp
[

π

2
√

2
(ŷ12 − ŷ23)

]

is a unitary transformation that maps iĤ0 = µẑ and
iĤ1 = dŷ onto H̃0 = (−x̂12 + x̂23)/

√
2 and H̃1 =

−√
2x̂13. Since the x̂mn are real and anti-symmetric,

so are H̃0, H̃1. Observe that the pure state ρ̂0 =
1
2 (|1〉+|3〉)(〈1|+〈3|) is invariant under the basis change
above, i.e., ρ̃0 = ρ̂0, while the state ρ̂1 = |1〉〈1| trans-
forms into a matrix with complex entries. Thus, we
can conclude that the pure energy eigenstate |1〉 is not
dynamically reachable if the system is initially in the su-
perposition state (|1〉 + |3〉)/√2 and vice versa. It can
be shown that the observable Â = ix̂ is non-optimizable
for certain initial states to the extent that its expectation
value remains zero independent of the controls applied.

4 Conclusion

We have provided a brief summary of results about the
action of various dynamical Lie groups on the equiva-
lence classes of states for quantum control systems as
well as criteria for reachability of states and examples of
non-reachable states for pure-state controllable systems
and non-controllable systems of Lie type so(N).
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