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Limits of control for quantum systems: Kinematical bounds on the optimization
of observables and the question of dynamical realizability
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In this paper we investigate the limits of control for mixed-state quantum systems. The constraint of unitary
evolution for nondissipative quantum systems imposes kinematical bounds on the optimization of arbitrary
observables. We summarize our previous results on kinematical bounds and show that these bounds are
dynamically realizable for completely controllable systems. Moreover, we establish improved bounds for
certain partially controllable systems. Finally, the question of dynamical realizability of the bounds for arbi-
trary partially controllable systems is shown to depend on the accessible sets of the associated control system
on the unitary grougJ (N) and the results of a few control computations are discussed briefly.
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[. INTRODUCTION wherew, are the eigenvalues, af®@,) the corresponding
normalized eigenstates ¢f Unless otherwise specified, we
Recent advances in laser technology have opened up neshall use the word “state” in the following to refer to a
possibilities for laser control of quantum phenomena such amixed quantum state represented by a density opepator
control of molecular quantum states, chemical reaction dy- If the system is Hamiltonian, the time evolution pfis
namics, or quantum computers to mention only a few. Theyiven by
limited success of initially advocated control schemes based
largely on physical intuition in both theory and experiment Ay — () A0 i
[1] has prompted researchers in recent years to study these PO=U(tt)poU (L o), @
systems systematically using control theory. One of the o . ) ) .
many interesting questions that has arisen is the issue dfherepo=p(to) andU(t,to) is the time-evolution operator
dynamical realizability of bounds on the optimization of ob- Of the system satisfying the time-dependent Sdimger
servables imposed by kinematical contraints, which we shafguation
address in this paper.
The answer to this question is not just of theoretical in- 0. .
terest, it is a matter of practical importance as well since 'ﬁﬁu(t’to):HU(t'tO)- )
most algorithms designed to find optimal contrf®3] to
drive a system are based on a set of differential equations, . .
providing necessary but not sufficient conditions for a globalH Is the total Hamiltonian of the system. .
maximum, i.e., these algorithms may produce controls that Observables are represented by Hermitian operatas
steer the System to a local maximum or minimum, for in_H and we define their expectation value to be émsemble
stance. Independent knowledge of dynamically attainabl@verage
bounds on the expectation value of the observable makes it
possib!e to determine the e_ffectivenes; .of a given gontrol in <A(t)>=Tr[A;3(t)]. (4
achieving the control objective of maximizing or minimizing

the expectation value of a given observable. The aim of controlling the system is to maximize the ex-

pectation value of a chosen observaBlat a certain target
time tg by driving the system using a set of optimal control

We consider a quantum-mechanical system whose puréelds f(t)=[f(t),....fy(t)]. If the control fields are suffi-
states form a separable Hilbert spa¢eA mixed state is an ciently weak, it can be assumed that the system is control

II. QUANTUM STATISTICAL MECHANICS MODEL

ensemble of orthonormal pure quantum stakigswith a dis-  linear,

crete probability distribution assigning each pure state a cer-

tain probabilityw, such that Gsw,<1 andX,w,=1. Such a L M ~

state can always be represented by a density opeainri{ H=Ho+ X fu(OAmM, ©)

with eigenvalue decomposition

A where H, is the internal Hamiltonian of the system and
p=2 Wi W (W, @ . o . . o Y
K H,,,m=1, is the interaction Hamiltonian for the fiefd,.
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IIl. KINEMATICAL RESTRICTIONS ON THE DYNAMICS IV. DYNAMICAL REALIZABILITY OF THE

L - KINEMATICAL BOUNDS
If dissipative effects are negligible, then the quantum sys-

tem is Hamiltonian and therefore the evolution of the system The kinematical bounds derived above are clearly dy-
has to be unitary no matter how the system is driven. Thisiamically realizable if every unitary operator I(N) is

observation has profound implications. Given an initial accessible from the identity operaiovia a path that satisfies
mixed statep,, the only kinematically attainable target statesthe dynamical law(3), i.e., if the system is completely
p(tg) are mixed-state controllable.
. . For control-linear systems, complete controllability can
p(te)=U(te to)poU(tr o), (6)  easily be verified numerically. Note that combining E®.
) and(5) leads to
whereU (tg,tp) is a unitary transformation.
This kinematical constraint on the dynamical evolution J . o M L
leads to bounds on the expectation value of arbitrary observ- i —U(t,tg)=HoU(t,tp)+ E f(OHRU(t,tg).
. ot m=1
ables that are completely independent of the control func-

tions and thus impose kinematical restrictions on the optimi- (1D
zation of observables, summarized by the following two ) .

theoremd4]. Settingx(t)=U(t,to) and

Theorem 1 Let A be a Hermitian operator of{ with i
eigenvalue decomposition Xm(X(1))= — gﬂmo(t,to), m=0,.M, (12)
m
A:Z‘l ail(a), (1) Eq.(11) becomes
7 dx M

wherel (a;) is the projector onto the eigenspagéa;), and 22 X A(x()+ FOX(x(t 13
let A\;=\,=---=\y be the eigenvalues;, counted with dt o) mzzl m(H)Xm(X(0). 13

multiplicity, and ordered in a decreasing sequence. Then we
have which defines a control system on the Lie grdupN) of a
\ type studied by Jurdjevic and Sussmdbih From their re-
N sults, the following simple algebraic conditions for complete
kzl AN—k+ 1Wk$Tr[Ap(t)]$k21 MW, (®) controllability of control-linear, nondissipative quantum sys-
tems have been derivg6].
provided that the weightsv, are ordered in a decreasing 1heorem 3lf the total Hamiltonian is given by Ed(5),

N

Sequence, i.ew;=Ww,=---=w,=---. wheref, are independent bounded measurable control func-
Theorem 2 (A(tg)) assumes its upper bound if for &l tions, and dirt{=N< then a necessary and sufflqlent con-
from 1 tom dition for the system to be completely controllable is that the
Lie subalgebraL, of u(N) (the skew-Hermitian matricg¢s
span_1,__auol Vi (te)) =E(ay), (99  generated bH,,...,Hy has dimensiomN?, or equivalently,
_ _ that the ideall, of L(U(N)) generated byd,,...,A\ has
and its lower bound if for alk from 1 tom dimensionN2—1.
_ If the system is not control linear, i.e., the Hamiltonian
span-1...auo| Wraj) (tr)) =E(@n-k+ 1), (100 gepends in a nonlinear way on the control functibgsthen

there is in general no simple algebraic condition to verify
) ; el controllability. For systems that are not completely control-
pace belonging to the eigenvalug, and r(k,j)=d(1) lable, dynamical realizability of a particular kinematical

Feootd(k=1)+). . . _ bound depends on the set of unitary transformations
Thus, to attain the kinematical maximum for an observ-

able whose eigenvalues are distinct with multiplicity one, we! (LtJF ;\:0) ';IU(N) th?‘t Ia”?t gcceszlble fr(?]mththethldgnttlty
need to find a unitary transformation that simultaneouslyt_E (f)t'h or? pfr(ejmse Y, | ”epen S (_)Sl Wt € Eir ¢ ? n erzetch'
maps the initial pure state with the largest probability lon ofthe set ot dynamically accessibie target states and the

onto the eigenspace corresponding to the largest eigenval& t of states for which the. expec}aﬂon valug of the chosen
A the initial it th dl babilit observable assumes the kinematical bound is empty or not.
of A, the initial state with the second largest probabMly  gince the set of dynamically accessible target states consists

onto the eiggnspace correspoAnding to the second largest &F all density matrices satisfying E¢g), whereU (tr ,to) is a
genvalue ofA, and so forth. IfA is a projector onto a sub- ynijtary transformation accessible from the identityUgN)
space of dimensiou, then attaining the kinematical upper via a path that satisfies the equation of mot{@h a crucial
bound requires finding a unitary transformation that maps thetep towards answering the question of dynamical realizabil-
d initial states with thed largest probabilities onto the ity is to determine the accessible sets for the associated con-
eigenspace corresponding to the eigenvalue onk. of trol system onJ(N).

where d(k) =dimE(ay), i.e., the dimension of the eigens-
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V. DYNAMICALLY REALIZABLE BOUNDS FOR Notice that the total probability for each subspace is less
DECOUPLED SYSTEMS or equal to one, and that the sum of the subspace probabili-

Among the systems that are obviously not completelytIes must equal one, i.e.,

controllable are those comprised of noninteracting sub- N; .
systems. We shall refer to these systems as decoupled sys- pi=> wi<1, p;+p,=1. (22
tems. n=1

Let us first consider a control-linear Hamiltonian system

with a single control, If the probability for subspaceis one, then the initial en-

semble is restricted to this subspace and since the subspaces
do not interact, the ensemble will remain in this subspace

H(f(t))=Hy+f(t)V, 14 h
(F)=Ho+ (1 a4 forever, i.e., pj=1 for all times. In this case{A(t))

wherefi, is the internal Hamiltonian of the unperturbed sys- = (Ai(1)).

tem andV defines the interaction with the control fief¢t). If both subspaces are iniially occupied, i.e., bpghand

: . : : , then the density operator for the entire space
In this case, the system is decoupled if there exists a basf& aré nonzero .
. AL the direct sum of the subspace den opergiof,
B for the Hilbert spacé+ such thatH, is diagonal and Zn:jsﬁz(to)l ie ) uosp sity opergiofty)

V=V,8V,= v O) (15) p(to)=p1(to) ®py(t )*(51“0) 0 ) (23
19 V2 0 \72- pllo)=pilto) @ pallo 0 pa(te) ]

Let H, andH, be orthogonal subspaces &f such thatH SinceH maps each subspace to itself, we can conclude

=H,;®H, and eachv; mapsH; to itself, ) ) ) | pa() 0
i | PO=Pa(D@hao(t)=| == (24)

H=H,0H,, Vi:Hi—H,, i=12. (16) p2(t)
) ) A . . for t>t, and thus it easily follows that
It immediately follows thatH(f(t)) is block-diagonal,
a1 o (AM))=Tr{ A1p1 (1) ]+ Tr Azpa(t) . (25)
~ A 1 . -

H(f(t)):Hl@H2:< 0 Hz) 17 Since p;(t) and A; (i=1,2) are operators ofl;, we can

apply Eqg.(21). Thus we have theorem 4.
Theorem 4Consider a decoupled quantum system as de-
fined above. Ifpg is given by Eq.(23), then the expectation

value of an observabla is bounded by

and map#H to itself fori=1,2. Thus, the two subspacks
andH, do not interact. Lef3; be the restriction of the basis

BB to the subspact; ,I5i be the projector onto the subspace

‘H; and letN; denote the dimension &f; . Ny N,
Given an obfeArvabIé\ on M, we define the restricted (A(t))znzl WA et nzl WIS i1, (26)
observable#\;= P;A for i=1,2. Note that\; is a Hermitian
operator on the subspaté, i.e., Ny N,
(A= 2, Wi+ 2w, (27)

A=PAP,:H,—H, i=12. (18
where ") are the eigenvalues of the subspace observable
A;, counted with multiplicity and ordered in a decreasing

sequence. Furthermore, the upper bound is attain¢e gt

)\g.i)z)\(zi)z...g)\g\i‘.). (19) if for k=1,...m1

Let A\ denote the eigenvalues &, counted with multi-
plicity and ordered

>

span_ vl (tp))=E(al), 28
If pi(ty) is the density operator for subsystémwhose paR-1,..ato| rlc) F))=E@c) 28

matrix representation with respect to the bdsiss whered(k):dimE(a(kl)) and r(k,j)=d(1)+---+d(k—1)
. . +j, and forl=1,...
pilto)=diagwy ... wi}) 20 e
- | span-1,..an Wi, (te) =E(a?), (29

with wi’=w)=---=w(), we can apply theorem 1 to ob- .

. . A where d(I)=dimE(a;’) and r(l,j)=d(1)+---+d(I—-1)
tain bounds for the expectation value Ajf: +j. Similar conditions can be written down for the lower
N; N; bound.

(i) (V< /A. (i)y (i) This theorem provides improved bounds for decoupled
Wi, _ne Ay <(A (1)< 170 21

n§=:1 Nyt <(A(L) n§=:1 non @ systems and it is easy to see how it can be generalized to
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systems consisting of more than two noninteracting sub- Nevertheless, our control computations maximizia
systems or control-linear systems with multiple controls. Thehe energy of the system, i.éd=H, and (b) the transition
improved bounds are dynamically realizable if all the Sub'dipole momentA=Y, assuming
systems are simultaneously completely controllable. While
the previously mentioned condition for complete controlla- 04 0 0 0
bility can be applied to each subsystem, it is not clear 0 03 0 0
whether complete controllability of all subsystems always po= '
implies complete controllability of the system as a whole. 0O 0 02 O0f
However, our computations for several decoupled systems 0O 0 0 01
suggest that this is the case for the systems we studied
indicate that it still seems to be possible to control the system
VI. CONTROL COMPUTATIONS FOR A COUPLED rather effectively even if all the transition probabilities are
PARTIALLY CONTROLLABLE SYSTEM the same. The final yield after 20 iterations was 97.75% of
) ) the kinematical maximum in casae) and 95.69% in casb).
For partially controllable systems whose dynamics cannofrhese results suggest that further study of the dynamical re-

be decomposed into independent subspace dynamics, tB@zapility of the kinematical bounds for partially control-
question of dynamical realizability of the kinematical bounds|aple systems is necessary.

for a given observable cannot be answered in general. Rather

it depends on the choice of the observable. Among the many VIl. CONCLUSION

computations we have done, we studied a four-level

harmonic-oscillator model with unusual interaction terms, ~ We have shown how the kinematical constraint of unitary

evolution for nondissipative quantum systems gives rise to

05 0 0 O 0 1 00 kinematical bounds on the optimization of arbitrary observ-
0 15 0 0O 1 0 1 0 ables and established general criteria for the dynamical real-

|2|0: , |2|1=f(t) izability of these kinematical bounds. It has been shown in
0 0 25 0 0101 particular that the kinematical bounds are always dynami-
0O O O 35 0 01 0 cally realizable for completely controllable systems and that

improved bounds can be derived for decoupled systems. Fi-
The main difference of this model compared to the standarg@ally, we have demonstrated in Sec. VI that certain modifi-
harmonic-oscillator model is that we set all the transitioncations of a completely controllable system may lead to a
probabilities equal to 1 instead ofh. Clearly, the system is loss of complete controllability, but that even in such a case
not decoupled. Yet, unlike the standard harmonic oscillatorthe kinematical bounds may still be approximately dynami-
this system is not completely controllable. In fact, it can becally attainable. In the latter case, further investigation of the
shown that the dimension of the associated Lie algebra dropstructure of the Lie algebra associated with the given control
from 16 to 11 precisely when all the transition probabilities system is necessary to determine whether a particular kine-
are equal. If only one of these values is changed, completmatical bound for a partially controllable system can be dy-
controllability is recovered7]. namically attained.
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