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Intr oduction

In this paper we investigatethe problem of cortrolling the dynamicsof quantum
systemsusing cortrol theory, quantum statistical medanicsand Liouville space
theory.

The motivation for this researt is eloquertly expressedby Hersdel Rabitz,
Department of Chemistry, Princeton University, who statesin [1]:

\The suljectof quarium cortrol isfully openfor investigation,
andif prior historyof macroscalengineerings ary indication,
then mary excitingand interestingsurprisesare aheadin the
analogousnoleculadomain."

Among the many potential applicationsfor cortrol of quarntum systemsare quan-
tum computers cryptography and chemial reaction dynamics Certainly many
others are possible.

Unfortunately, howewer, intuitiv eapproadesto cortrol of quantum systemshave
beenlargely unsuccessfuin both theory and experiment [2, 3, 4, 5, 6, 7], which
prompted Hersdel Rabitz to obsene (alsoin [1]):

\Manipulation of complexquartum-mebanicalinterferences
generallya problembeyondintuition, anda keyadwancen this
eld wasadiewedby the introductionof formalcortrol theory
tednigueswithin quartum medanics."

We beliewe furthermore that it is important not to restrict one's attention en-
tirely to pure-state quantum systems(as is often done) since many potertial
cortrol applications may require cortrolling systemsthat can not be descriked
by pure-state dynamics, as is the case,e.g., for systems(initially) in thermal
equilibrium. We shall thereforeusea quantum statistical medanics model and
Liouvil le space theory [8].



Quantum Statistical Mechanics Model

Our generalmodel is a mixed state quartum system. A mixed state, not to be confusedwith a
superposition state, is an ensenble of independen (pure) quartum statesj ,(t)i togetherwith
a discrete probability distribution that assignsead of these(pure) statesa certain probability
w, sothat X
0O w, 1 8n and w, = 1 Q)

n

A mixed state can always be represeted by density operator ~(t) on H,

A= Waj a(8)ih ()] 2)

n

Unlessotherwisemertioned, the word state will in the following referto a mixed state represeted
by a density operator “\(t).

The dynamical law for the systemis given by the quantum Liouville equation
(C VR [ SR
@ () = E[F], (1)]: ©))

whereH is the (total) Hamiltonian of the systemand ~(0) = 7, de nes the initial state of the
system(at time t = 0).

Observableare represeied by a Hermitian operators A on H. Their expectation valueis de ned

by
hA)i = Tr ANt) (4)

The set of bounded linear operators A on H forms itself Hilbert space,often called Liouvil le
space. It shallbe corveniert to assignto eact operator A (on H) a Liouville ket jAii denotingits
represeation in Liouville space.The dual of jAii is the Liouville bra hiAj. The inner product
in Liouville spaceis de ned by

htajBii = Tr AYB (5)

Thus, an arbitrary mixed state of the systemis represeted by a Liouville ket (t)ii that satis es

@ .. L
@ i = LO) i (6)
with someinitial condition j (0)ii = j oii . L is the Liouville operator de ned by the dual
correspndence
L (i $ [A; O] (7)

The expectation value hA(t)i of the obsenable A is given by the Liouville inner product
hHAj (t)ii .



Contr olling the Dynamics

If the systemis subject to external cortrol then the Hamiltonian of the systemdependson one
or more control functions

f(t) = (Fo(t);fa(t); i fm (1): (8)
We shall assumethat the number M of external cortrols is nite and that the systemis control-
linear, i.e., that the total Hamiltonian of the systemcan be decommsedas follows:

A= |q0+ X fm(t)ﬁm: 9

m=1

In this case,the correspnding Liouville operator also decompses:

Py

m=1
The restrictions imposel on the controls depend on the particular systemstudied. Howeer, a
reasonableminimum requiremen for the cortrol functionsf ., (t) is that they shouldbe bounde,
measurable, real-valual functions de ned on a time-interval [to; tr ] that dependson the applica-
tion.

The gl of external cortrol is frequertly the maximization (or minimization) of the expectation
value of a given observablg e.g., the population of a particular energy level or subspaceof
guanum states, the energy of a molecular bond, etc., at sometargettime t = tx subject to
certain constrairts.

More precisely we de ne a functional

W(f; v AY) = Wi v)  Wa(f; ;A Ws(f); (11)

whosevalue at a certain target time tg we would like to maximize. Our functional consistsof
three parts. W, is the exectation value of A which we wish to maximize at the target time tg,

Wi(f) = PA(te)i = hiAj (te)ii ; (12)

W, and W5 are constraint functionals, which we de ne as follows:
Z

Wolf; VA= HE®IS + ELO) (il dt (13)
ZtF
Ws(f) = o tsz(t) dt: (14)

W, ensuresthat the quantum Liouville equationis satis ed. W3 constrainsthe uence, i.e., the
total energyof the pulse.

v(t) and A, (t) arevariational trial functions that must satisfy the boundary conditions
v(to) = (to) = o Au(te) = A (15)
For simplicity we shall in the following chooseunits sud that h= 1 andde ne @= @@.

The solution of this cortrol problemrequires nding an admissiblecontrol f(t) sud that W and
thus hA(t)i will attain its glokal maximum at time t = te. Seeral interesting questionsarise.
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Kinematical Bounds

The rst questionis existenceof kinematical bounds for the global extrema. The underlying
idea is the following. A giveninitial state “(t;) canonly ewlve into states ”(tg) related to the
initial state "\(to) by

Nte) = Oty 5 to) M) 0Y(ts 5 to); (16)
where((t; t,) is the time-evolution operator of the cortrol system,which satis esthe Schredinger
equation

20t = FAEO): (17)

Although the concretedynamical law obeyed by O(t; to) dependson the (cortrol) systemcon-
sidered, and thus an input function f(t), which is to be determined, it is clear that O(tg;to)
must be a unitary operator for any cortrol system. Therefore,only target states ”\(tg) that are
related to ~(to) as (16), for someunitary operator O(tg ; to), are kinematically attainable

(18)

(19)

This theorem permits the determination of the kinematical boundsfor any obsenable whenthe
spaceof pure states (of which any ensenble may be comprised)is restricted to a nite dimen-
sional subspaceof the possibly in nite-dimensional true state space. (The latter assumption
is usually necessaryand in marny casesgood appraximations can be made by choosing nite
dimensionalsubspacegarefully) Seeappendix A and [9] for more information.

Example. Considera N -level Morse oscillator (or harmonic oscillator) model for a diatomic

moleculewith energylevelsEq;:::;Eyn. If the systemis initially in thermal equilibrium, i.e., in
particular w;  w, ::: Wy, then the kinematical boundsfor the expectation value of the
(vibrational) energyof the bond are
X S\
WhoE,  hyi WN n+1 En: (20)
n=1 n=1

The kinematical boundsfor the projector Py onto any k-dimensionalsubspaceare

Wh + Wy 14 00+ Wy ket PPei Wi+ Wot 1104+ Wil (21)



Dynamical Realizability of Kinematical Bounds

A kinematical bound for an obsenable is dynamially realizableif there exists an admissible
control-trajectory pair steeringthe systemfrom the initial state (to) to a target state "(tg) for
which the expectation value of the observableassumests (kinematical) maximum or minimum.

If the systemis (completely) controllablg i.e., if every target state can be reated dynami-
cally from any initial state, then the kinematical boundsare always dynamially realizable i.e.,
the kinematical upper and lower bounds correspnd to the global maximum and minimum of
hA(tr )i, respectively, which canbe attained if the systemis drivenwith an optimal cortrol f(t).

This theoremwasformulated for pure-statequantum systemsin [10, 11]. A proof of this theorem
for mixed-state systemsbasedon results by [12] is provided in Appendix B.

Example. Consideragaina N -level Morse oscillator model for a diatomic moleculewith total
Hamiltonian ¥ = Ho + f (t)V,

Ro= " Enjnihnj; ¥ = dy(jnihn + 1j + jn + 1ihnj); and
n=1 n=1
h i

En=hlon 2 1 2 n 3B

arethe energylevelsandd, = P n arethe transition dipole momerts. In this case,onecanverify
numerically that the Lie-algebrageneratedby H, and ¥ hasreal dimensionN 2 for di erent N .
Hence,the global extremafor any obsenable of this systemare given by the kinematical bounds.

Constr ucting Optimal Contr ols

Once cortrollabilit y is established,the main question is how the external cortrol should be
choosento manipulate the dynamicsof the systemin the way desired. We shall formally assume
that our goalis maximization of a targetfunctional W(f; ;A,) (seeEq. 11) at a certain target
time tg.

A necessary condition for the target functional W(f; ;A,) to have a maximum is that the
variation of W under independent variations of A,, , and f,, are zero. This leadsto the
Euler-Lagrange equations

mfm(t) = ThRA ()L m] v(b)ii
i@ ()i = Lo+ fm(Lm ] v(b)ii
, m=1 #
@AM = Lo+  fu(t)lm jAL(D)i (22)
m=1

with mixed boundary conditions

Jv(to)it = ol 5 JA(te)il = jAii: (23)
The optimal controls f,(t) we are looking for must satisfy theseequations. To solve the problem
of nding an optimal cortrol, we usean ertangled feedba& method.
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Ent angled Feedback Algorithm

We start by guessingan initial cortrol f© (t) and determining an initial j @ (t)ii by solving
" #

pd
@ Q@i = i Lo+ fOML, j Qi
m=1
with initial condition j O (to)ii = j oii .
Forn 1l1andk= 0;1wedene
FOOM) AL O O (24)
bl
LW Lo+ f00L, (25)
m=1
and solwe iterativ ely
@A\(,”)(t)ii = iL(”;l)jA\(,”)(t)ii (26)
@) \(,”)(t)ii = iL (Mo 3”)(t)ii (27)

with the boundary conditions
AN (te)ii = jAiT; ()il = ol :

It was rst proved in [13] that this ertangled feedba& algorithm conveigesmonotonically and
quadatically in the pure state case. Our proof for the generalmixed state cortrol problem is
included in appendix C.

Numerical Implement ation

The dierential equations arising from this feedba& algorithm must be solved numerically.

While there are many methods of integrating di erential equations numerically, we employ a

symmetric split operator methal [14, 13]. The main advantage of this method is that it preserves
the norm of the operators involved, which is of greatimportancein this problem. In the following

we shall restrict oursehesto the caseof a single control f (t) = f(t) although the numerical

implemertation can be generalizedto the caseof multiple cortrols.

To start, we divide the time interval [to; tr ] in subintervals|t;;tj..] ofa xed length t = tj.1
with to = to and tr = t;. On ead subirterval [t;;t;.;] we appraximate f ("%)(t) by the constart
f (k) ( ;) where

i = tj + t=2= tj +1 =2 (28)

With this approximation the propagator can be written as
UM (t,st) = exp( i t(Lo+ M )Ly)): (29)
Neglectingterms of order three and higher, we have

e i (A+B) = o i(=2Ag iB o i(=2)B.
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Thus (29) agreesto secondorder with

e Flog T MM big i5tbo; (30)

This expressionis numerically favorable since

X .
Uo exp( i tLo=2)=  jaiie ® “hiyj (31)
a=1
(k) i (nik) AN tf () ()b i
U () exp( i tF™(;)Ly) = jhbie 7"hiy (32)
b=1

wherejaii and jbi are the eigenlets of Ly and L 1, respectively; a and b are the correspnding
(real) eigervalues. This leadsto

X\I H n;k
U ) jnejhij 2e | 1@ ()jgjinha: (33)

a;b=1

where U™K)( ;) agreesup to secondorder with UMK (t; 4;1;).
In orderto computef ( ;), we note that

f(t t) f(t) t%(t) (34)
to 1st order, and hencewe have
) ) t . .
P00 = £09) + —hAD )il o La] & (t)i (35)
) ) t . .
fODC ) = F0D) z_hm\(/n)(tj)J[LO;Ll] "Dt i : (36)



lllustra tive Comput ations

As an examplefor molecular quantum control, we considera Morse osciallator model for a
diatomic molecule with N discrete eneigy levelsE,, correspnding to independert vibrational
eigenstategni of the system. The unperturbed Hamiltonian is thus

Bo= " N, Enjnihnj: 37)

The interaction Hamiltonian of the driven systemcan be approximated by F; = f (t)¥ where
f (t) is an external laser eld which senesascortrol function, and ¥ is the transition operator,
which we chooseto be of the dipole form

¢ = P N_1d.(nihn + 1 + jn + lihnj): (38)

This systemis completelycontrollablg i.e., the global minima and maxima of any obsenable are
determinedby the kinematical bounds and theseextrema are dynamically attainable.

For the sale of illustration, we shall assumeN = 4. The correspnding energy levels are
E, = 0:4843,E, = 1:4214,E5 = 2:3691and E, = 3:2434in units of h! o where! ; = 7:8 10 s !
for HF.

Let us rst assumethat the systemis initial ly in the ground state, i.e., "y = j1lihl] and that our
gaal is to maximizethe vibrational eneigy of the bond, i.e., A = Ho. In this case the kinematical
boundsth eoremgives

1:4214 bA(t)i 32434 (39)

The lower bound is attained exactly if the population of level 1 (ground state) is 1. The upper
boundis attained exactly if the population of level4 (higheststate) is 1. Figs 1-3 shav the results
of our computations using the algorithm descriked above. Starting with an arbitrary function
f of suciently small magnitudeand = 4, the algorithm corvergedafter only two iterations.
Fig. 1 showvsthe nal pulsef (t), Fig. 2 the correspnding ewlution of the populations of energy
levels 1 through 4, and Fig. 3 shaws the ewlution of the expectation value of the obsenable.
At the target time tg = 200fs, we obsene a nearly completeinversion of the populations with

the population of level four being over 95%. hA(t: )i is about 97% of the theoretical maximum.

Seacondly, we assumethat the systemis initially in thermal equilibrium, i.e., 7 = : N Whjnihnj
with weights w, = Cexp( E,=(E; E;)). ThisisaBolzmanndistribution with kT = E; E;.
C = (e BT + g BE275KT 4 g Be7kT 4 @ E4=kT) 1 j5 the normalization constart. Concretely
w; = 0:3850,w, = 0:2758,wz; = 0:1976and w,; = 0:1416. Our kinematical bounds theorem
gives

1:5059 hAi  2:2592 (40)

The lower bound is attained in thermal equilibrium. The upper bound is attained exactly if the
populations are inverted, i.e., the most energeticstate (here n = 4) hasthe highest population,
the secondmost energeticstate hasthe secondhighestpopulation, etc. Figs 4-6 shav the results
of our computations using the algorithm described above. Again, we started with an arbitrary
function f of su ciently small magnitudeand = 4. Fig. 4 shavsthe nal pulsef (t) after 68
iterations, Fig. 5 the correspnding ewlution of the populations of energylevels 1 through 4,
and Fig. 6 shows the ewlution of the expectation value of the obsenable. At the target time
tr = 200fs, we obsene a nearly completeinversion of the populationswith hA(tr)i about 95%
of the theoretical maximum.




4-level Morse oscillator: "y = jlihlj 4-lewel Morse oscillator: %y =~ #_, jnihnj
Figure 1: Optimal pulse Figure 4: Optimal pulse
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Appendix A: Kinematical Bounds

Proof: AssumeTr AO~0Y is maximalwhenO = % andlet O( ) beany path in U(N) which
starts at the idertity. Then we must have

a5 RO H)~0Y() =0
d =0

Sincethe trace operator is a linear, this is equivalert to

Tr A0%0)~0Y(0) + A00)[01%0) = O
Observingthat 0(0) = 1, and letting 20( )j - = 0%0) B, we have thus

Tr AB~r+ A7BY = O (41)

If B is the derivativeof apath O( ) U(N) at = Othenit is skew-Hermitian, and corversely
every skew-Hermitian operator B is the derivative of somepath O( ) U(N) at = 0, since
the Lie-algebraof U(N) consistsof all skew-Hermitian matricesu(N). Thereforecondition (41)
must hold for any skew-Hermitian operator B. Using BY = B, we canrewrite (41) as

Tr ("A AMNB =0

We will shaw that this condition implies M = [~ A] = 0. Note that M is skew-Hermitian since
A and A are Hermitian.

ChoosingB = (h.) with
i fork=s;"=5s
0 otherwise
leadsto
X
Tr M@ = mjkbq-:iMSS: 0:
k=1

This holdsfor s= 1to N. Hence,all the diagonalelemerts of M must vanish.

If 8 then
> 1 fork=s;" =71 P
b<\:> 1 fork=r; =5 r MB = ,-“;'kzlmjkm:mrs Mgy
0 otherwise = Mg+ m = 2<(my) =0;
If ) then
>2i fork=s;"=7 P
b,(:> i fork= r;‘:s Tr Mé = j’?‘k:l mjkbxj = i(mrs+msr)
0 otherwise = i(ms m)= 2=(my)=0:

Sincethis holdsfor r;s= 1to N, all o -diagonal elemerts of M must be zero.
HenceM vanishesidentically and A and » comnute. 2
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SinceA is Hermitian, there exists a unique eigervalue decompsition

A="" ala): 42)

i=1

wherel'(a) denotesthe projector onto the eigenspacé (a;) and all the eigervaluesa; arereal.

(43)

Proof: By the previoustheorema necessarycondition for hA(t)i to have an extremum at time
te is that A and » = ~(tg) comnute. But if they comnute then they can be simultaneously

diagonalized.Hence
X
Tr ANte) = kW (k)
k=1
where is a permutation of the wy's. It is now obvious that

e X
Nk We o Tr ANtE) kWi
k=1 k=1
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Appendix B: Dynamical Reachability

Let Xo;:::; Xy beright-invariant vector elds on a Lie group G and
dx X
gD = Xox(®) +  Um(OXm(x(1)) (44)
m=1

for x(t) 2 G. Let L be the subalgebraof the Lie algebralL (G) of G generatedby the vector

correspnding connectedLie subgroupsby S and S, respectively. Let the classof admissible
cortrols U consisteither of the locally bounded measurablefunctions U,, the bounded measur-
able functions U, or the bang-bangcortrols U,. For this type of cortrol system,Jurdjevic and
Sussmannproved in [12]:

Now considera classof quantum cortrol systemswith a dynamical law

' X
go(t; = CAEOOE ) with ATV = o+ fn(®Fn; (45)
m=1
where ¥, are time-independert Hamiltonians and f ,,(t) are cortrol functions in either Uy, U,
or U,. Setting x(t) = O(t; to) and

Xm(X(1)) = iﬁ,qmo(t; t)); m=0;:::;M; (46)
we obtain
dx hd
i Xo(x(t)) + fn (DX m(X(1)); (47)
m=1

which de nes a cortrol systemof the type studied by Jurdjevic and Sussmanron the Lie group
U(N) (whereN is the dimensionof H).

If the dimensionof the state spaceH is nite, i.e., N < 1 , then U(N) is a connected,compact
Lie group. Therefore, the Lie subgroup S assaiated with the Lie algebra L generatedby

initial state if tg is su ciently large.

The Lie algebraL (U(N)) of U(N) consistsof all skew-Hermitian matricesu(N). Hence,its real

dimensionis 1 I
2 n +N=N(N 1)+N=N? (48)
n=1
sincethereareN(N 1)=2 o -diagonal elemens which can be arbitrary complexnumbers, and
N diagonal elemens which must be imaginary.

Sincel is a subalgebraof the Lie algebrau(N), its (real) dimensionmust be lessor equal to
N2, and dimL = N? impliesthat L = u(n), and consequetty that S= U(N). Therefore,

dimgL = N2 (49)

is a su cient condition for cortrollabilit y. It is alsoneccessarsinceif dimL < dimu(N) then
S 6 U(N). This provides an easily veri ed algebraiccondition for cortrollabilit y of a quantum
cortrol system.
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Appendix C: Conver gence Behaviour of Feedba ck

Algorithm
After the nth iteration step, the objective functional is
z t
W™ = W Wi = hiaj M (te)ii 5 " (MO ()2t (50)
to

sinceW,{™ = Wy (f M0); (M: A(M) = 0 accordingto 13 and 27.

Pro of: We obsene that f (™k)(t) is real and henceL (™) is Hermitian and thus the time-
ewlution of both jJA{ (t)i andj (M (t)i is unitary, i.e., AlM(t) , = iAj, and M(t) , = 0 ol

for all t 2 [to;te] and any n. Furthermore, ojj§ =Tr N% =Tr( 3% 1 Applying Caudcy-
Sdwarz's inequality

i @i 2 jA; 0 ) ARG
. ) | (n) . (n) .. 2 1 (n) 2 (n) 2
ifOF = PO Poi o 5 APG L L P
1 2 2 1 2
S AP L jLd ), 5 AP L
2 2 2
wherejL ;j is the usual operator norm. Thus,
: . o S t t 2 .
WO Wi W) AR+ T AR L

for all n, which establisheshe claim.

Pro of: Dierentiating j (t)ii using @Rt‘(J UY(t%to)j' (t9ii dt®= UY(t; to)j' (t)ii leadsto
z t

[ ILOUEG )] V(5 t0)i" (i di’+ UL to) V(L to)i" (1)i
to

iL()j i +j Qi :

@ (Vi

(51)

Pro of: Settingj M(t)ii = j ™Y ()i j M) ;
Z
W(n+1;n) - W(n+1) W(n) — hI’A] \(,n)(tp)ii o te [f (n+1;0)(t)]2 [f (n;O)]Zdt:
2

to
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During the iteration @) \(,”)(t)ii = QLo+ f ™MO(t)L4]] \(,”)(t)ii : Hence,setting
f(n+lin) — 5 (n+1;1)(t) f (n;O)(t) f(0) = ¢ (n;O)(t) f (n;l)(t)
and noting that

Llf (n+1;l)j \(/n)(t)" + I—lj .I:(n+1) \(/n+1) (t) + f(n+1;n) \(/n)(t)"
- Llf (n+1;l)j \(/n+1) (t)ll I—lf (n+1;l)j \(/n)(t)“ + I—lf (n+1;0)j \(ln+1) (t)" I—lf (n+1;l)j \(ln+1) (t)ll
FLoF D] )i Lyf O] (0t
= Ly f 05 %D gy Lyf (O ()i
we obtain

@ i = ALY Wi QL £ 4 f e Wy (52)

Setting 7
t
Ut torf ") = exp, i LOMD()d
to

whereexp, denotesthe time-orderedexponertial, the formal solution of Eq. 52is (accordingto
the previouslemma) given by

Zt
PO = iU ) WS ) Ly (e i Dy di
0
Observingthat
JAD )il = UL to; f MD)W (te s to; f D) A
and thus
hAM (1)) = hIAjU (tg ; to; T M DYUY(L; to; £ (TF1D);
we arrive at

hth] ) (te )i
te
i hl’AjU(tF;to;f (n+1;1))Uy(t; to;f (n+1;1)) LlJ( f(n+1) \(/n+1) + f(n+1;n) \(/n))(t)" dt

Zt

t
_ | t Fhm\(/n+l) (t)j I—l]( .I:(n+1) \(ln+1) + f(n+1;n) \(/n))(t)“ dt
z, " z,

= i O R L, MY @)iidt+ i f ORI L, M ()il dt

t t

% o
— ! f (n+1) (t)f (n+1;0)(t) + f (n+1;n)(t)f (n+1;1)(t) dt

to

tF [f (n+1;0)(t)]2 f (n+1;l)(t)f (n+1;0) (t) + [f (n+1;1) (t)]2 f (n;O)(t)f (n+1;1) (t) dt
to

z

W(n+1;n) — E tF [f (n+1;0)(t)]2 + 2f (n+l;1)(t)f (n+1;0)(t)
to

+2£f (n+1;1)(t)]2 of (n;O)(t)f (n+1;1)(t) + [f (n;O)(t)]Z dt
t

_ F [ f (n+1) (t)]2 + [ f (n+1;n)(t)]2 dt
to

14



and thus the total variation from n = 0to ng is

nw 1 nw 1 Z
WOED = Woe) WO = e 2 % T e (g2 4 [ f 001 )2 gt
n=0 n=0 2 to

SinceW ™ s uniformly bounded, W(™F) WO is alsouniformly boundedfor all ng and thus

the sequencd W (%9 : ne 2 INgg is uniformly bounded.
z

t
5 LTODOP+ [0 @R dt> 0
0

for any n implies furthermore that W ("F:9 is an increasingsequence.Hence, lim W (nF30)
F!

existsand is nite. Consequetly
Z

t
Im 5 LEOD P+ [P dt= o

Appendix D: Relation to Work of Rabitz et al.

in the pure state limit

(53)

Pro of: Clearly, we can nd a (time-dependen) complete orthonormal set fj ,(t)i : n =
1,2;:::gsudh that j 4(t)i =] (t)i for all t. Hencewe have

X
Wy =Tr AAv(tF) = h n(tF)jA\v(tF)j v(tF)ih v(tF)j n(tF)i =h V(tF)jAj V(tF)i:

n

Furthermore, setting j (t)i = A,(t)j (t)i we obtain
htA, (D)@ (V)i = Tr A, (H@\ (1)
X X
h IAM(@ v(ODh ()] o®i+  h @JAD] V(i@ J(1)))] (D)

n

h vOIA M@ ()i + " (@ V(1)) (Db WOIAD)] V(D)

h v@IAM@ ()i + (@ DA V(L)
h IR M@ )i + (h JOIAM@ V(1)i)
2<h (IAM)@ ()i = 2<h (1) | @ J(t)i

hiA, (DL (F:t) (b)ii
= i Tr AR F;t); AW

- " i ZOIAOB D] (i (1) ] a )i * i n(OIAM] V(i vOIR D)) ()i

n n

ih OIAOH (D] WD) " in VOIR(E; D] n)ih (IR (D)

h v@OIRE D] Wi h @JiB ;] ()i
h ViR 0] ()i + (h V@] 1] (i)
2<h JiR ;0] ()i
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Hence,we have

Z, Z,
W, = t hiA (1)j@+ iL(t)j J(t)ii dt= 2<  h ((O)j[@+ iA ;D] v(t)idt

0

in the pure state case. W3 remainsthe same(set o = =2). The equivalenceof the Euler-
Lagrangeequationsfollows.
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