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Intro duction

The ability to control quantum systems is crucial for
many exciting new applications ranging from implemen-
tation of quantum computers to manipulation of chem-
ical reactions through control of atomic or molecula r
gquantum states.

Recent advances in laser technology have contributed
to make control of quantum systems increasingly exper-
imentally feasible and progress continues.

Much theo retical work on control of quantum systems
has been devoted to nding algorithms to compute op-
timal controls. While this work has been fruitful and
imp ortant, many imp ortant issues have been igno red.
Among these are the eect of kinematical constraints
on the optimization of observables and the question of
controllabilit y of quantum systems, which | shall discuss
in this talk.

W e shall see that these apparently technical issues have
practical signicance as well and can actually help rem-
edy some of the major shortcomings of most control
algo rithms.



Statistical Mechanics Mo del of a
Quantum  System

We consider a mixed-state quantum system, i.e., we

start with an ensemble of indep endent (pure) quantum
states | n(0) i with probabilities wy,
X

O w, 1 8n and Wn = 1; (1)

n

WLOG w; WwW» Wh 0:

The state space consists of the density operato rs on the

Hilb ert space of pure states H,
X

At) = Wn] n(t)ih n(t)): (2)

n

The dynamical law for the system is quantum Liouville
equation

h—=n - H-A .
i (t) = [A;™ND)]; (3)

where KB is the Hamiltonian of the system.

The observables A of the system are represented by Her-
mitian operators on H, whose expectation values (en-
semble averages)

M(t)i = Tr Ant) (4)
can be measured.

The advantage of this formulation is that it is not re-
stricted to pure-state quantum systems and can be ex-
tended to dissipative quantum systems as well.



Controlling the Dynamics

If the system is subject to external control then the
Hamiltonian depends on a nite numb er of control func-
tions

F(t) = (Fa(t);fa(t); i fm(t); M <1 )

The controls are bounded, measurable, real-valued func-
tions dened on a time-interval [tg;tg] that may be sub-
ject to other restrictions dependent on the problem con-
sidered.

In the control-linea r case|which we shall consider|
the Hamiltonian can be decomp osed as follo ws

X
A= Ao+ fm(t)Am: (6)

m=1

There are many control objectives. The aim of optimal
control |which we shall consider|is to nd a control
that steers the system in such as way as to maximize
the expectation value of an observable, e.g., population
of a particula r quantum state or a subspace of quantum
states, the energy of the system, etc., at a certain target
time tg.



Kinematical ~ Constraints  for
Non-dissipative Systems

A given initial state ”"(tp) can only evolve into states
Ntg) related to "(tp) by

Mte) = O(trito) M(to) O¥(tr;to); (7)

where O(t; to) is the time-evolution operato r of the con-
trol system, which satises

ihg()(t; to) = B(f)O(t; to): (8)

The dynamical law obeyed by O(t; tg) depends on con-
trol system, i.e., f(t) | which is to be determined |
but O(tg:tg) must be a unitary operator for any non-
dissipative control system.

Hence, only target states ~(tg) related to ~(tg) by (7),
for some unitary operator O, are kinematically attain-
able.

This condition can be used to derive strict upper and
lower bounds for the expectation value (ensemble av-
erage) of any observable for arbitra ry N -dimensional,
mixed-state quantum systems .

These bounds depend only on the initial state of the
system and the observable to be optimized, i.e., they
are indep endent of the dynamics , but they can not be
dynamically violated, and thus represent kinematical re-
strictions on the optimization of arbitra ry observables.
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Controllabilit y of Quantum  Systems

The dynamical realizabilit y of the kinematical bounds
for a particula r observable depends on the observable
and the set of dynamically accessible target states. If
the observable assumes its kinematical bound for a dy-
namically accessible state then this bound is dynamically
realizable. Otherwise, it's not.

In general, the set of accessible target states depends
on the dynamical Lie group generated by Bo;::::Bwm.
However, if the dynamical Lie group is U(N) then every
unita ry operato r can be dynamically generated .

In this case, every kinematically admissible target state
is dynamically attainable and the kinematical bounds are
therefo re always dynamically realizable . Such a quantum
system is called completely controllable

Our results show that, perhaps surprisingly , a large class
of physically interesting systems including the N -level
Mo rse oscillato r and the N -level harmonic oscillato r are
completely controllable for any N.



Theo rem |[|: Kinematical Bounds
[Schirmer—Girardeau—Leahy—Koch]

Let H be the Hilb ert space of pure quantum states of the
system or a xed N -dimensional subspace of interest.

Let A be a Hermitian operator on H with eigenvalue
decomp osition

X
A= al(a); (9)

i=1
where ['(aj) is the projecto r onto the eigenspace E(a;).

Let 2 n be the eigenvalues a; ordered in a
non-increasing sequence and counted with multiplicit v.

Then the expectation value of A is bounded by

X _ X
N n+1 Wn  PA(DI nWhn: (10)
n=1 n=1
hA(t)i assumes its upper bound at t = tg if
span | rnj)(tr)i = E(an); (11)
j=1 ;::5;d(n)
forn= 1;:::;:m and its lower bound at t = tg
span | r(n;j)(tF)i= E(an n+1); (12)
j=1; ;d(n)

where d(n) = dim E(an) and r(n;j) = d(1) + + d(n
1) + j.



Theo rem [I: Controllabilit vy
[Fu—Schirmer—Solomon]

The N -level system

A= HRo+ f(1)V; (13)
with internal Hamiltonian
X
Ao = Enjnihnj; (14)
n=1
and transition dipole operator
IX 1
Vv = dn(jnihn + 1j+ jn + 1lihnj): (15)
n=1
is (completely) controllable if Tr B 6 0, d, 6 O for
n=1; ;N 1 and either of the follo wing conditions

apply:

1. n=En En 6 0and 26 2 forné6 n°

2. 1= 2= = N but
¥
(véﬂp) viN- Py g 0; p= 1;2;:::;N 2
n=1
where
< 2d?  d3 n=1
viP = 2d§ dﬁlz d2,, n=2;::5N p 1
Co2dy , Ay g n=N p



Example: Four-level Mo rse Oscillato r

Consider a four-level Morse oscillato r model for a di-
atomic molecule (HF)

2E10003

2o d, 0 o3

_ 0 E; 0 0 7. _6d; 0 d» O

'40‘20 0 Egj oz” 0‘20 d 0 dgg
0 0 0 Eq4 0 0 d3 O

with transition dipole moments d, = 0:097p

and vibrational energy levels
En= hlo(n %) Ih!oB(n 2)° (16)
where ! o= 7:8 10 s ! and B = 0:04109.

n Debye

Given an initial ensemble jni = jli; ;j4i with
wnp = const. e Bk kT = Es4 Eq; (17)

l.e., a Boltzmann distribution then according to theo rem
| the kinematical upper bound for the energy is

X4
M o(te)i WiEn i+1 = 2:2592 h! g (18)
i=1
and the maximum is dynamically attained if the popu-
lation of level E1 is wy, that of level E> is ws, that of Ej3
Is wo, and that of E4 is w1, i.e., if the initial populations
are inverted.



Four-level Mo rse Oscillato r, cont.

Since the energy levels for the Morse oscillato r are non-
degenerate and not equally spaced, the system is com-
pletely controllable (for any N) according to theorem Il
and hence the kinematical bounds are dynamically real-
izable.

Four-level Harmonic Oscillato r

The harmonic oscillato r system is similar to the Morse
oscillato r except that the energy levels are

En= hi(n 2): (19)

Although the energy levels are equally spaced in this
case, the system still completely controllable since the
transition probabilities d, satisfy condition 2 of Theo rem
Il. Therefo re, the kinematical bounds for every observ-
able are dynamically attainable as well.
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Computer  Simulations

Numerical control calculations show that it is indeed
possible { in both the Morse and the harmonic oscillato r
case { to drive the system in such a way as to closely
approach the kinematical upper bound for the energy.

Four-level Mo rse oscillato r
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Conclusion

Most algorithms to compute optimal controls are based
on conditions that are necessary but not sucient for
optimalit y of a control. The algorithm may easily con-
verge to a control that does not maximize the expecta-
tion value of the observable and hence fails to solve the
optimal control problem.

The derivation of kinematical bounds on the optimiza-
tion of observables is an imp ortant contribution since
knowledge of the kinematical bounds makes it possible
to test the e ectiveness of a numerically obtained con-
trol by allowing one to compute the ratio between the
attained expectation value at the target time and the
kinematical maximum for the observable. A ratio close
to one indicates that the control is a good solution to
the optimization problem.

Failure to achieve a ratio close to one, however, could
be either due to the fact that the algorithm failed to
converge to an optimal control, or because the kine-
matical bound is not dynamically realizable. Therefo re,
theorem |l is another signicant result since it estab-
lishes controllabilit y, and hence dynamical realizabilit y
of the kinematical bounds, for a large class of quantum
systems of physical interest.

Future research of non-controllable systems is required.
In this case, the question of dynamical realizabilit y of the
kinematical bounds for a given observable depends on
the set of accessible target states, which in turn depends
on the initial state of the system and the dynamical Lie
group generated by Hgo; BAwm.
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