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1. Quantum Control{ Choreographing the be-
haviour of quantum systems

� Whybotherwith quantum systems?

{ quantume� ectsplay anessential in atomic and molecular physics,
chemistry, optics, andmany condensedmatter systems

{ advancesin nanoscaleengineeringincreasinglyallow us to build
arti� cial structuresso smallthat theirbehaviour is no longergov-
ernedby classicalphysicsbut dominatedby quantum e� ects

� Whytry to controlthem?

{ ability to choreographthebehaviour of physicalsystemsand
controlphysicalprocessesis thebasisfor technology

{ newtechnologiesandtechnologicalbreakthroughsare often
predicated by advancesin our ability to control our environment
Example: invention of leversandpulleys
) improvedcontrolof gravitationalforces
) ability to erectlargebuildingssuchascathedrals

{ promising newapplicationssuchassecure communication,quan-
tum computers,quantum clocks, advancedchemicalengineering
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2. What are Quantum Systems?

� Whenis a physicalsystemconsidereda quantum system(QS)?

{ If its behaviour is dominated by quantum e�ects andcannot be
predictedaccuratelyby the laws of classical physics.

{ The laws of quantummechanics apply to anyphysicalsystembut
for most macroscopicsystemsquantum e� ectsare neglible.

{ However, there are exceptions such as macroscopicquantum
statesof matter, e.g.,in a BoseEinsteinCondensate.

� Whatare quantum e� ects?Whatare the keyfeaturesof QS?

{ Quantization of e.g., energy, momentum, charge,etc.
� Classically: physicalquantitiescantake a continuumof values
� Quantum-mechanically: valuesoftenrestricted to discrete set

{ Existenceof coherentsuperposition states
� Quantum systems can exist in superpositions of orthogonal

states,i.e., multiple statesat once(no classicalanalogue)
� Superposition principle appliedto multi-partite systems

) entanglement|Einstein's spooky actionat a distance
{ Non-Observability of Quantum States& Heisenberg'sUncertainty

� Act of observinga quantumsystemusually alters its state
� There exist non-commuting observables(NCO)
� NCOcannotbe simultaneouslymeasuredwith arb. precision
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3. How to modelQuantumSystems?

St ate space
set of possiblestates

Dyn amical la w
evolution of states

Obser vabl es
measurable quantities

CM
position, momentum
x, p

Newton's laws
F = m•x

stateof the system
x, p

PQM
wavefunctions
j	( t)i 2 H

Statespace:complexHilbert spaceH whoseelementsj	 i arewavefunc-
tions, i.e., continuous,piecewise di� erentiable, normalizable functions.

For control purposesHilbert spaceof interest usually H � CN for some
positive integerN = dimH < 1 .

Identify j	 i with complexcolumnvector of length N by choosing a
suitable Hilbert basis.
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3. How to modelQuantumSystems?

St ate space
set of possiblestates

Dyn amical la w
evolution of states

Obser vabl es
measurable quantities

CM
position, momentum
x, p

Newton's laws
F = m•x

stateof the system
x, p

PQM
wavefunctions
j	( t)i 2 H

Schrodinger equation
@
@t j	( t)i = � i

~ Ĥ j	( t)i

TheSEisa linear di�erential equationwheretheoperator Ĥ ontheRHS
is theHamiltonianof the system.

Ĥ is Hermitian operator on H representing system'senergy) canbe
representedby N � N Hermitianmatrix if dimH = N < 1 .

~ = h=2� , whereh is Planck'sconstant.
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St ate space
set of possiblestates

Dyn amical la w
evolution of states

Obser vabl es
measurable quantities

CM
position, momentum
x, p

Newton's laws
F = m•x

stateof the system
x, p

PQM
wavefunctions
j	( t)i 2 H

Schrodinger equation
@
@t j	( t)i = � i

~ Ĥ j	( t)i
expectation values
hÂi = h	( t)jÂj	( t)i

Realobservables(energy, momentum,dipole moment, population of a
subspace,. . . ) arerepresentedby Hermitianoperators(N � N Hermitian
matrices if N = dimH < 1 ).

Wavefunctions arenot directly observable but determinetheexpectation
valuesof these operators

hÂ(t)i = h	( t)jÂj	( t)i =
Z

S
	 � (x; t)Â	( x; t) dx:

which canbe experimentally determinedby performinga seriesof mea-
surements.
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QSM
density operators
�̂ (t) 2 B (H)

Stateof the system by a density operator (matrix) �̂ , i.e., an element
in D(H), the spaceof unit-tracepositive (Hermitian) operators on the
system'sHilbert spaceH.

rank(�̂ ) = 1 ) projector onto a pure state �̂ = j	 ih	 j. Otherwise �̂
represents (proper) mixedstate or (nontrivial) quantum ensemble.

De�ni t ion. Spectrumof operator = set of its eigenvalues, rank =
number of non-zero eigenvalues.
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QSM
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�̂ (t) 2 B (H)

Quantum Liouville Eq.
@
@t �̂ (t) =  L[�̂ (t)]

The qLE is a di�erential equation in �̂ where  L[�̂ (t)] is the Liouville
(super)operator, i.e., an operator that actson Hilbert spaceoperators
suchas�̂ .

 L[�̂ (t)] =  LH [�̂ (t)] +  LD [�̂ (t)] +  LM [�̂ (t)] where  LH [�̂ (t)] = � i
~[Ĥ ; �̂ ]

describesthe Hamiltoniancontribution to the dynamics,while  LD [�̂ (t)]
and LM [�̂ (t)] are non-Hermitiansuperoperators representing interactions
with the environment (dissipativee�ects) or measurements.

De�ni t ion. [A; B ] = AB � BA is thematrix commutator.
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QSM
density operators
�̂ (t) 2 B (H)

Quantum Liouville Eq.
@
@t �̂ (t) =  L[�̂ (t)]

ensembleaverages
hÂ(t)i = Tr[Â�̂ (t)]

Density operator not observablebut determinesensembleaverages of
real observables (energy, momentum, dipole moment, population of a
subspace,. . . ), whichcanbe experimentallydeterminedby performinga
seriesof measurements, via tracefunctional.
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4. Wheredoescontrolenter?

System
Quantum

?

?

input
(classical)

(e.g. Laser)

Actuators

coherent int.

?

6

6 output
(classical)

Apparatus

Measurement

backact ion

6

Environment

Decoher ence

�
feedback

Closed-loop Control

Semi-classicalModel:

Quantum system+
Classicalcontroller
(Coherentactuators,
Measurementapp.)

How about using an-
other quantum system
asa controller?

This is possible (and
time-permitting we will
consider an exampleof
this later) but the key
challengeis control at
the interfaceof classical
andquantum world.
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5. Quantum ControlSystemExamples
� Solid-statechargequbit:

{ System: double quantum dot (qubit)

{ Actuators: controlelectrodesfor
initialization and manipulation

{ Sensors: singleelectron transitor

{ Environment: everything else

� Lasercontrolof atoms/molecules:

{ System: atom or molecule (single or ensemble)
(Hilbert space usually restrictedto subset of electronicstatesor
vibrational modes)

{ Actuator: laserandpulse shaping equipment

{ Sensors: photodetection equipment etc.

� RFControl of nuclear spinensembles:

{ System: nuclei/electronsin a molecule

{ Actuator: radio-frequencypulse generator

{ Sensors: magnetization detectors
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6. What are the Control Objectives?

Most quantumcontrol problemsfall into oneof thefollowingcategories:

� Quantum state engineering: Steerthe system from a known initial
state�̂ 0 (or j	 0i ) to a target state �̂ 1 (or j	 1i )
E.g.: Giveninput state j00i , create Bell state j00i + j11i .

� Quantum processengineering:Realizea desiredquantumprocess,
i.e.,evolution operator Û
E.g.: Implementa quantumlogicgate(QIP)

� Optimization of observables:
E.g.: Optimize(maximize/minimize) the expectation valueof

{ dipole momentor length of a molecular bond
{ vibrational or rotationalmodesof a molecule
{ population of a particular subspaceof theHilbert space
{ averagegate �delity / gateerror.

However, thereare someotherimportant problemssuchas

� Quantum state reduction or stabilization through continuousmea-
surements andconditionaldriving �elds

� Decoherencecontrol, i.e., suppressionof interactionswith environ-
mentthat leadto decoherence.
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7. How to control quantumdynamics?

Semi-classicalquantumcontrol ) Hamiltonianengineering

System dynamics controlled via the interaction with coherentexternal
�elds f (t) producedby actuators,whichmodifythesystem'sHamiltonian:

ĤS ! Ĥ [f (t)] = ĤS + ĤC[f (t)]; (1)

i.e., thesystem'sintrinsicHamiltonianĤS is replacedby a newcontrol-
dependent Hamiltonian Ĥ [f (t)].

There are di�erent approachesto designingthe control� elds:

� Open-loopcontrol.Control � eldsaredeterminedbasedonknowledge
of theinitial state �̂ 0, HamiltonianĤ [f (t)] andcontrol objectivewith-
out anyfeedbackfrom measurements.

� Closed-loop control. Control �elds are dynamically adjustedbased
onmeasurementrecord, oftenwithout (or onlylimited) knowledgeof
the initial state,Hamiltonian,or otherdynamicprocesses.

{ Continuousfeedbackfrom weakmeasurements
{ Feedbackfrom strong measurements at discretetimes

� Learning control. Feedback from repeatedexperiments is usedto
guideanevolutionary process to maximize�tn ess of control�elds.
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8. Quantum Control| whyspecial?

� Central roleof coherence:

{ Interactionbetweensystemandactuators must be coherent
{ Incoherentinteractions leadto loss of coherence(decoherence)
{ Interactionwith environmentmoredestructive thanclassicalnoise

(destroystheveryquantum nature of the system)

� Nonlinearity of quantumcontrol:

{ Quantum controlwith a semi-classical controller is a fundamen-
tally nonlinear controlproblem,evenif thedependenceof Hamil-
tonianon the control�elds is linear (control-linear case)

{ Exceptions:quantumfeedbackcontrolin quantumopticsisgener-
ally linear but it requiresboth systemandcontrollertobequantum
(i.e., no classical input, output or feedbackallowed)

� Strict limits and strongpenaltiesfor feedback:

{ Fundamentallimits on observability: The state of the systemis
not directly observable(unlike classicalcase)

{ Measurementbackaction: feedbackreliesonobservation, but any
measurementof a quantum systemdisturbsit
) extremely complicated,non-Hamiltoniandynamics
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9. What are the toolsrequired?

Quantum Control

=

Quantum Physics + Control& SystemsTheory

MathematicalTools

Analysis

� Calculus,ODEs,
PDEs,stochastic DE

� Functionalanalysis
(Hilbert spaces,
Fourieranalysis,. . . )

� Numericalanalysis

Algebra

� Linear algebra

� Lie algebras

� Operator/ C�

algebra

� . . .

Geometry

� ClassicalLie groups

� Di� erential geometry


