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Quanum Control{ Chaeogaphng the be-
havour of quantum systems

Why botherwith quantm sysemg®

{ quanume ectsplay anessentian atomc and molecudr physcs
chemistryoptics andmany condengd matter sysems

{ adwancesn nanoscalengineeringncreasinglalow usto buid
arti clal sruaduresso smallthat theirbehavour is no longergov-
ernedby clasgal physicdut domnatedby quantme ects

Whytry to controlthenf?

{ ablity to choreograptthe behavour of physicabystemsand
controlphysicaprocesesis the basidfor tecmdogy

{ newtechnologiesndtecmdogcal breakthhoughsare often
predicéed by advancesn our ablity to cantrol our envronment
Exampa: inventon of leversand pulleys
) improvedcontrolof gravitationalforces
) ability to erectlarge buildingssuchascathedals

{ promisng newapplcationssuchasseaire canmuncation, quan-
tum computersguantim clocks, advance@hemial engineering

What are Quantum Systems?




2. Wha are Quanium Systems?

Whenis a physcal systemconsdereda quantim sysem(QS?

Quantum Control { ...

{ If its behawvour is dominagéd by quanum e ects andcama be
predicedaccuratelyoy the laws of clasgal physics.

{ Thelaws of quanum mechangappl to anyphydcalsystenbu

for mast macrosopicsysemsquantume ectsare neglble Where does control enter?

{ Honeer, there are excepons such as macrgcopicquantum
statesof mater, e.g.,in a BoseEirgtein Condereate.

What are Quantum Systems?

Quantum Control System Examples

Whatare guantime ects?What are the key featureof QS? I e COmeTOheAes?

How to control quantum dynamics?

{ Quantzaton of e.g, energymamerium, chage, etc.

Classicaly: phydcal guantitiescantake a coninuumof valies
Quarnum-mechanicaly: valuesoftenrestricted to discrete set What are the tools required?
{ Exstenceof coherenstuperpostion states
Quarnum systems can exist in supempositons of orthogonal
states,.e., multiple statesat once(no clasgal analogue)
Supemposiion principk apgiedto multi-partite systems
) entanglemenEinstein’'s spooky action at a dissance
{ NonObservality of Quanum States& Heisenbrgs Uncetainty

Ac of observing quantumsysemusuay altesits state
There exst non-conmuing observabés(NCO)
NCOcannotbe simutaneouslynmeaswrd with arb. precson

Quantum Control | why special?



3. How to model QuantumSysem®

State space Dynamical law Obser vabl es
st of posgble sates evoltion of sates measualde quantties
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What are Quantum Systems?

How to model Quantum Systems?

CM postion, mamenum Newbn's laws stateof the sysem
X o

Quantum Control System Examples

wavefunctbns

PV Chi 2 H

What are the Control Objectives?
How to control quantum dynamics?

Quantum Control | why special?

What are the tools required?

Statespace:complexilbert spaceH whoseekementg i arewavefunc-

tions i.e., cantinuous, piecewse di erertiable, namalzalde functons. Home Page
For control purposedHilbert spaceof interest usualy H  C" for some e Pese
postive integerN = dimH < 1 . b

ldentfy | |1 with complexcolumnvectr of lengh N by chasng a
suitable Hilbert basis Page 4 of 10

Go Back

Full Screen

Close

Quit




3. How to model QuantumSysem®

State space Dynamical law Obser vabl es et ool £
st of posgble sates evoltion of sates measualde quantties
What are Quantum Systems?
How to model Quantum Systems?
postion, mamenum Newbn's laws stateof the sysem
oM
X, P F = mx X, P
PQ\/I VvavefunCtDnS SChDdlnw equatOn Quantum Control System Examples
j ( t)l 2 H gj ( t)l - TIIQJ ( t)l What are the Control Objectives?

How to control quantum dynamics?

Quantum Control | why special?

What are the tools required?

The SEisalinea di erential equaion where the operata H onthe RHS
Is the Hamitonianof the sysem.

H is Hermitan operator on H repesning sysem’'senergy) canbe
repeenkedby N N Hermitanmatrix if dimH = N < 1 .

~= h=2 , whereh is Planck'sconstant



3. How to model QuantumSysem®

State space Dynamical law Obser vabl es
st of posgble sates evoltion of sates measualde quantties
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What are Quantum Systems?

How to model Quantum Systems?

CM postion, mamenum Newbn's laws stateof the sysem _
Where does control enter?

X ’ p F = mx X , p
PQM wavefuncions Schodinger equaion  expedation values Quantim Contol Sysiem Sampie
j ( t)l 2 H gj ( t)l - TI ﬁj ( t) | M| - h ( t)J ,&J ( t)l What are the Control Objectives?

How to control quantum dynamics?

Quantum Control | why special?

What are the tools required?

Realobenables(energy momentumgdipole moment popuhtion of a

subpae,...) aerepesentety Hermitanoperabrs(N N Hermitan Home Page |

matricsif N = dimH < 1). Tie page |

Wavefunctons are not directy observaklbut determinehe expecttion Jj | "| |

valiesof thes operaors | :
Z Page 4 of 10

h&(t)l —= h( t)JAj ( t)| = (X,t)A( X,t) ax: Go Back |

S Full Screen |

which canbe experimentaly determinedoy performinga seresof mea- Close |
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3. How to model QuantumSysem®

State space Dynamical law Obser vabl es et ool £
st of posgble sates evoltion of sates measualde quantties
What are Quantum Systems?
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X’ p F — mx X, p here does control enter?
POM wavefunctbns Schodinger equaion  expedation values UATET COnTol System Sampies
j ( t)l 2 H g] ( t)l - TIIQJ ( t)l Ml - h( t)JAJ ( t)l What are the Control Objectives?
denSW OperabrS How to control quantum dynamics?
=M At 2 B (H)

Quantum Control | why special?

What are the tools required?

State of the sysem by a densiy operaor (matix) #, i.e, an ekement
in D(H), the spaceof unt-trace positive (Hemitian) operators on the
sysem'sHilbert space H.

ranK”) = 1) projecto onto a pure gate * = | ih j. Otherwse *
repesnts (proper) mixed state or (nontrivial) quantum ersembe.

De ni tion. Spectrumof operatod = sat of its eigenalues rank =
numker of non-zeo eigenvhes.



3. How to model QuantumSysem®

State space Dynamical law Obser vabl es
st of posgble sates evoltion of sates measualde quantties
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What are Quantum Systems?

How to model Quantum Systems?

CM postion, mamenum Newbn's laws stateof the sysem _
Where does control enter?

X, p F = mx X, p
POM wavefunctons Schodinger equaion  expedation values UM Confiol Sysem BEmpies
j ( t)l 2 H gj ( t)l = TIFIJ ( t)| Ml - h( t)JAJ ( t)| What are the Control Objectives?
QSM denSl\y Opel’aDI’S Quanum LlOUV"e Eq How to control quantum dynamics?
A(t) 2 B (H) g/\(t) = L[A(t)] Quantum Control | why special?
The gLE is a di erenial equaion in ~ where L[/(t)] is the Liouvlle R
(super)operata, i.e., an operabr that actson Hilbert spaceoperators Home Page
suchas Tile Page
. no|o
LIND] = La[AO] + Lo[AD] + Lu[XO)] where Ly[X)] = L[H; A ——

desdabesthe Hamilbniancontibution to the dynamicswhie Lp[/(t)]
andLy [/(t)] are nonHermitan superqgerabrs repesentig interactons
with the envionmen (disgpative e ects) or measremens. Go Back

Full Screen

De ni tion. [A;B]= AB  BA isthematrix commutadr.
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3. How to model QuantumSysem®

State space Dynamical law Obser vabl es et ool £
st of posgble sates evoltion of sates measualde quantties
What are Quantum Systems?
How to model Quantum Systems?
CM postion, mamenum Newbn's laws stateof the sysem
X’ p F : mx X’ p here does control enter?
POM wavefuncions Schodinger equaion  expedation values QuANTM Contiol System Sxampies
j(ti2H gj (t)i = Tiliij ( t)i hj = h( t)jA\j ( t)i What are the Control Objectives?
QSM denSIy OperaUS Quanum LIOUV”e Eq ensemblaverages How to control quantum dynamics?
A(t) 2 B (H) g/\(t) - L[A(t)] M(t)l = Tr['&/\(t)] Quantum Control | why special?

What are the tools required?

Densiy operatad not obsevable but determnesensemblawerages of
real observalek (energ, monentum, dipole mamer, populaton of a
subgece,...), whichcanbe exgerimenally degerminedoy performinga
seresof measremert, via tracefunctiond.



4. Wheredoescontrolenter?

input output
(classcal) (classcal)
Actuators feadback | Measurement
(e.g. Laser) Apparatus
coherent int. backaction e
2 2
Quantum
System

’6 Decoherence

Environment

Closedoop Cantrol

SemielasicalModel

Quanum systemt
Classicalcontroler
(Coherentactuatas,
Measuremerdpp.)

Howv about using an-
other quanum system
asa controler?

This is possibk (and
timepermiting we will
congder an exampleof
this later) but the key
chalengeis contol at
the interfaceof clasgal
andquanum world.
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5.  Quarium ControlSystemExamps

Sdid-gate chage qult:
{ Sysem: doubé quarium dot (qubif

{ Actuators: controlelectodesfor
Initializaton and manpulaion

{ Seners singleelecton transita
{ Envronmem: everWIng else What are the Control Objectives?

Lasercontrolof atomsimolecles

{ Sysem: atom or molecud (singe or ensemble)
(Hilbert spae usudly regrictedto subset of electronicstatesor
vibrationd modes)

{ Actuator: laserandpulse shapng equipment
{ Seners photodetecion equipmeneic.

RF Contol of nucka spinenserles:

{ Sys$em: nucki/electonsin a molecwg
{ Actuator: radio-fequencyuse generato
{ Sensrs magnetation detecbrs




6. Wha arethe Contol Obectve?

Mog quantim contol probkemsfall into oneof thefollowing categaies
Quanum gate enginenng: Steerthe syssem from a known inttial
state”y (or ] ol) to atargetstate , (orj 1)

E.g: Ghveninputstate jOd, creae Bel satej0d + j11i.

Quanum processengneering: Realizea desiredquantum process
i.e., evolution operata U

E.g: Impkementa quantumlogicgate (QIP)

Optimizaton of obsevables:
E.g: Optimize(maxmize/mnimie) the expectaton valueof

{ dipole momentor lergth of a molecudr bond

{ vibrationd or rotational modesof a molecule

{ populaton of a paticular subpace of the Hilbert space
{ averag@ate delity / gateerror.

Honever, thereare sane otherimportant problemssuchas

Quarnium state reduction or stablizaton throudh coninuousmea-
suemens andconditonaldrivhg elds

Decoherenceontrol i.e., suppesion of interactonswith environ-
mentthat leadto decdiererce.

lo) ?



7. Howto control guantumdyramics?

Sentclassicalqguantumcontrol ) Hamitonianengineling

Sysem dynanis contolled via the interacton with coherentexernal
eldsf (t) producedoy actuatas, whichmadify the system'siamitonian

Hs! R[] = Hs+ Helf @) (1)
i.e., the system'sntrinsicHamilonianH 5 is repacedby a newcontrol-
dependat Hamiltonian K [f (t)].

There are di erent appoachedo designinghe control dds

Open-lmpcontrol. Contol eldsare determinethasdonknamMedge

of theinitial state ~,, HamitonianH [f (t)] andcontol objecive with-
out anyfeedbackrom meaurements.

Closed-lop contol. Control elds are dynamically adjustedbased
onmeasrementrecad, oftenwithout (or onlylimited) knovledje of
the initial gate, Hamitonian, or otherdynamicprocesss.

{ Contnuousfeedbackromweakmeasurements

{ Feedlackfrom strong measremens at discretdimes

Leaning control. Feedlack from repeatedexperimeis is usedto
guidean evolutonay proces to maxmize tn es of control elds.
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What are the tools required?



8.

Quartum Control| whyspeciaP

Cental roleof coherence:

{ Interaction betweensystemandactudors must be caherert
{ Incohereninteractons leadto loss of coherencédecoherenge
{ Interactionwith envronmenimae desructive thanclassicalnoise
(destrgsthe very quantum nature of the sysem)
Nonlnheaity of quantumcontrol:

{ Quantim controlwith a semi-classal controlér is a fundamen-
tally nonlnea controlproblem,ewenif the degerdenceof Hamil-
tonian on the control elds is linea (control-Inea case)

{ Excepions: quanumfeedbackontrolin guantumopticsisgener-
ally linea but it requresboth sysemandcantrollerto be quantim
(i.e.,noclasgalinpu, output or feedbaclalloned)

Strict limits and strongpenaliesfor feedbak:
{ Fundamentallimits on obsevabiity: The state of the systemis

not directy obrvale (uniike clasgcal ca®)

{ Measuremeraclaction: feedbackeieson obsevation, but any
measwrmentof a quantum systendisturbsit
) extrenely conplicated, non-Hamibniandyramics

What are the tools required?



9. Wha arethetoolsrequred?

Quantim Control

Quanum Physicq + | Control& Systemd heay

Mathemattal Tools

What are the tools required?

Analysisl Algelva Geometry
Catulus,ODEs, Linea algebra ClassicalLie graups
PDEs,sochastt DE : : :

Lie algelras Di erentihgeometry

Functionalanaysis
(Hilbert spaces,
Fourieramalysis, . .)

Operata/ C
algela

Numericabnaysis



